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ON THE CONVERGENCE OF THE CONTINUED FRACTION OF 
GAUSS AND OTHER CONTINUED FRACTIONS.* 

By Edward B. Van Vleck. 

In the Disquisitiones generales circa neriem injiuitam ... of Gauss the 
quotient 

was developed intx) the continued fmetion 

— • • • 

I - I - 1 - 

in which 



( g ^ n- 1)(7-/3h- n- 1) ^ (/3-f n)(7-q -f n) 

(^ +2n- 2)(7-f 2n- 1) ' ^'-""^"^ ~ (^ 4. 2n - 1 )(7 + 2;i) 



The convergence of this continued fraction was later a subject of investigation 
by Thomt^t and Rieniann. J Both writers showed that, if the poilion of the real 
axis between cc = 1 and x = 4- oo is regarded as a cut, the continued fraction 
will converge in the remainder of the plane of x except at the points in which 
F{a^ /8, 7, x) and its analytic continuation vanish, and that the limit of the 
continued fraction is the analytic function defined by (T(a, /8, 7, »;).§ The 
proofs of Thom^ and Riemann are both of a special and somewhat involved 
character, not based upon considerations which can be applied to prove the 
convergence of any considerable class of continued fractions. Indeed, it is 
only within the past decennium that general theorems for the convergence 

* This paper was read before the American Mathematical Society at its sammer meeting in 
Ithaca, Aug. 20, 1901. 

t Crelle, vol. 67 (1867), p. 299. 

X SuUo svolgimento del quoziente dl due serie ipergeometriche in frazione continua in- 
finita, Gesammelte Werke, 1st ed., p. 400. The completion of this posthumous fragment is due 
to Schwarz. 

§ An elementary proof for the special case in which <x < 1 is found inSchlomilch, Algebr. 
Analysis y p. 321. 

(0 



2 V^AN VLECK. 

of algebmic* continued fi-actionsf have been obtained. The object of this 
paper is to demonstrate the convergence of the continued fraction of Grauss by 
theorems which are of the latter character. The theorems employed for this 
purpose are new and cover a wide class of algebraic continued fractions. Fur- 
ther application of these theorems is made to the (luotient of two related 
Bessel's functions, ••/,»_ i/'/n> ^*^d to the continued fraction which Heine has 
given as a genemlization of that of Grauss. 

I. The Fundamental Theorems. 

1, Statement of the First Two Tlieorems. To most of the common 
algebmic continued fmctions one or both of the two following theorems may 
be api)lied : 

Theorem 1. Ifk denotes the greatest modulus of a point of condensation 
of the coefficients a,^ of the con tinned fraction 

at a^jX aoX 

1 + 1 + 1 + ' ^ ^ 

the CO nt inn ed fraction will represent an analytic function tvithin a circle of ra- 
dius 1/4 A:, described about the origin of thex-plane as centre^ and the only sin- 
gularities of the function contained I cithin the circle tvill be poles, 

ff\ furthermore^ any circle of smaller radius is drawn about the origin and 
from this circle each of the poles is excluded by drawing around it a stnall but 
arbitrary contour^ then within the region remaining the continued fraction will 
converge uniformly to the analytic function as its limit. 

Theorem 2. If from and after some fixed point in the continued fraction 

\ \ \ \ 

(2) 



biZ -h h, + b.^z -h />4 + 



X" 



b,^ is real and posit ive^X Q't^d S b^ is divergent^ the continued fraction will 

M = 1 

converge over the entire pla^ie of z with the exception of 

( 1 ) the whole or a part of the negative half of the real axis; 

* Continued fractions whose partial quotients are fanctions of one or more variables. 
t A summary of the few theorems obtained hitherto will be found in the Transactions of 
the American Mathematical Society j vol. 2, 1901, p. 215. 

X The theorem holds also if from and after some fixed point &» is negative. 
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(2) a serie^s of i^olatad poitifa p^^ p^^ • • . > which lie without this half oj 
the axis.* 

The converf/ence^ nioi'eovei\ is uniform in (ni// refjion from which these 
points and the neyatire haff-au:is are excluded after the manner of Theorem 1 , 
and the limit of the continued fraction is an analt/tic function whose <ndt/ 

si nfjnlar it ies exterior to the netjative half -ax is are the points 2h'ilh^ • • • > which 
are poles. 

2. Proof of these Theorems. The proof of Tlieorcin 1 will Ik> found 
ill the Transactions of the American Mathematical ^iocietf/, vol. 2, OctobtT, 
1901. Thoor(»in 2 may be denioiistnitecl as follows. 

By hypothesis, there is some point in (2) sul)se(|uent to whieh fjn i'^ n*«il 
and positive. Suppose this to be true when n ^ 2ft, and eonsiderthe fmetion 

-J--. _L_ J__ ..-.. (3^ 

If the nth convergent of (2) is diMioted by yjlKi i^»^^' the mi\\ eonver<r(Mit of 
(3) by y„JD'fny we obviously have 

V 

-^^2M-f in _ _ _"'_ _ (4) 

Hence to ascertain whether the successive convergents of (2) approach a limit, 
it is sufficient first to determine whether this is the case with the conver«!rents 
of (3). 

Now Stieltjesf has proved that when the coefficients fta^4.„ in the con- 
tinued fraction (3) are positive for all values of ?iand2/A2M4-» ^^ divc^rgent, 
the continued fraction will converge uniformly in any region 7\ bounded hy 
a closed curve which has no point in common with the n(»gative half of th(» 
axis of z, and the limit of the fraction is a function which is holomorphi<* in 
T. It follows that when m is indefinit^dy increased, Nl,^|]')\,^ conv<»rg<»s uni- 
fonuly within any such region, and its limit 4>{z) is h()h)morphic at every 



* It is proved later (§3) that if 6„ fnlfllls tlie conditions of tlie tlieorein and is also real from 
the beginning of the continued fraction, tlie number of the points p^ musl be finite. Whether 
this number is always finite does not appear ; but if the number is infinite, the derivative of the 
point-set obviously can consist only of points wliich lie upon the negative half of the axis. 

t Annales de Toulouse, vol. 8. Another proof is given by the writer in the TransacUontt 
Amer. Math. Society, vol. 2, 1901 ; see in particular p. 231-2. 



4 VAN VLECK. 

point without the negative half-axis. Since the numerator and denominator 
of the right hand member of (4) also converge in the same manner, their 
quotient must converge uniformly to the limit 

except in the vicinity of the roots of Z).j^ -f <l>(^) ^2^_i or along the negative 
half of the axis. It is impossible for Z).^^ -h <f>{z) A^_i to vanish identically, 
since in that case the numei*ator would have to vanish identically too, and 
hence ^Vo^i A/i-i — ^2ti-i ^^i^l = ^> which is not true. As the numemtor and 
denominator of (5) are also holomorphic at all points without the half-axis, 
the expression (5) is an aiialj^tic function whose only singularities exterior to 
the half-axis are poles. The continued fraction (2) therefore converges in 
the manner stated in the theorem.* 

3. A Sufficient Condition that the Number of the Poles be Finite. In 
at least one case (which is stated below in Theorem 3) we can easily prove 
that the numlx^r of poles ^j, ^.2, ... is finite. 

When, namel}^ the coefficients in the continued fraction (2) are real for 
all values of n and satisfy the conditions of Theorem 2, an upper limit can 
be found for the number of poles of the limiting function exterior to the neg- 
ative half of the axis. These poles, in fact, correspond to the zeros of the 
analytic function to which D^ converges as n increases indefinitely, and the 
convergence is obviously unifonn in the vicinity of each zero which does not 
lie upon the negsitive half-axis. Now it is well known that when a series of 
functions y„(2), holonior[)hic throughout any region T, converges uniformly 
in this region, the zeros of the limiting function within T are the points 
of condensation of the zeros of the functions fn{^)' Here we have 

N' . ■ . 

f\^(z) = />2m + "Tv* J^'in-v Furthermore, Hurwitzf has shown that if a circle 

* For the sake of completeness it may be added that when S b^ is convergent, the even 
convergents of (2) and the odd convergents approach separate limits, so that it is impossible to 
speak of the convergence of the continued fraction or of a single limiting function which it repre- 
sents. This is always the case when 26h converges, irrespective of other conditions which 
may be imposed on 6,^, and the limits of the two series of convergents are meromorphic over 
the entire plane. This result is not new. See, for example, the memoir of Stieltjes previously 
cited. For another mode of proof see the Transactions Amer. Math. Soc, vol. 2, 1901, p. 231. 

t Math. Annaleuy vol. 33, 1888, p. 249. 
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of suflScientl y small radius Is drawn about each zero of the limiting function 
within jT, each of the circles will conhiin a number of roots of fn{z) exactly 
ecjual to the order of the zero enclosed, for all values of n ^ m, where m is a 
fixed integer. Our question concerning the miml)er of poles is thus reduced 
to a determination of an upper limit for the number of roots of />„ exterior to 
the negative half of the axis. 

Let V be the smallest value of n subse<juent to which J^ is always positive, 
and consider then the number of changes of sign in the series 

for anv real value of ;i;. When z varies continuouslv, this number will chancre 
onlv when one or more of the D\ vanish. From the fundamental relation 
connecting the denominators of three successive convergents it will be found 
that 

A, = (hj».-i^+ 1 + 7-^)^«-.-/-~i>„-4, (7) 

alike when a is odd or even. A<'cordingly, when any tt»rm in (0) vanishes, 
the preceding and following t<»rms have opposite signs. If two successive 
terms should vanish, then simultaneously every Dy^^i vanishes. But Z)o= 1, 
Di = 62^ + 1 ^- 1'**^ happens therefore only when v is odd and z = 0, Hence 
we see that an alteration in the numb(»r of changes of sign in ((>) can take 
pltu'e only when z passes through a root of ^ or 1>^^2im ^"d that there is a loss 
or a gain of a single sign for a root of either unless z = 0. 

Suj)pose now that v is even. If we throw out a common factor, the terms 
of highest degree in the successive members of (6) will be equal to 

When, therefore, 2; = — oo is substituted in ((>), there will be n alterations 
of sign. On the other hand, the terms of ((>) all have the same sign when 
2 = 0, since the constant temi of D^n ^s always ecjual to 1. It follows that 
Z)^ and i>^ _^ 2n together must have at least n roots in the negative half-axis. 
But their degrees are eijual respectively to v/2 and /i + v/2, AVe conclude 
th(U*efore that the number of roots of J^p^2n without the half-axis can not ex- 
ceed V. 

Suppose next that v is odd. As before, there will be it changes of sign 
in (6) when 2 = — 00 . The terms of lowest degree, however, are equal now to 
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(^1 -h ^>3 4- ^>5 4- • • -h h,)z, (6, + />3 + • • + ^.4-'2)^» • • • » 

(6| + ^>3 + • • + ^>.H-2«)^- 

Since 6„, by hypothesis, is positive for n > v, the number of changes of sign 
liere can not exceed unity. Hence the number of changes of sign in (6) for 
an exceedingly small negative value of z cannot exceed unity, and 2)^ and Dy^^u 
together have at least n — 1 roots between z = and z = — cc . As they also 
each have a root in the origin and as their degrees are equal respectively to 
(i; + l)/2 and n + (i^ + l)/^) we conclude again that the number of roots of 
J^n exterior to the negative half of the axis will not exceed v. We reach thus 
the following result : 

Theorem 3. Tft/te coefficients b^ are real from (he outset in the contin- 
ned fraction of Theorem 2 and if v is the smallest valve of n subsequent to tvhich 
they are ahrays positive^ the number of poles of the function defined by the con- 
tinued fraction ^ exterior to the negative half of the real axis of z^ will not exceed 
Vj each multiple pole being counted a number of times equal to its order, 

4. A Sufficient Condition for the Applicability of TlieoremX, We pro- 
ceed now to determine a class of continued fractions of the fonn (1) to which 
Theorem 1 is applicable. In many continued fi-actions of that form, it is pos- 
sible, for sufficiently large values of w, to expand «2» — lA'an ^^^ ^^nl^^n-\-\ ^^^ 
convergent series in ascending powers of 1/n with constant coefficients. Sup- 
pose then that 



(L 



A' A 



I 



-^i^= 1 + 111 +lf +•••.. (9) 

fi 1" A" 

''^'^ = 1 + ^ + 4 + • • • • (10) 

From these we derive 

"^^^^ i_ili±^' + -,( ) + ••••, (11) 

(f'ln - 1 n n^ ^ ^ ^ 

and a similar power series for f^2n-|-2/^2w> ^^ which the first two terms are the 
same as in (11). If now the real part of A\ -f A^( is positive, a theorem of 
Weierstmss* shows that ^«2/t-hi ^'^^ ^in with increasing n approach the limit 0. 

* Ueber die Theorie der analytischen Facultaten, Crelle, vol. 51, 1855, p. 26; WerkCy vol. 1, 
p. 181. 
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Theorem 1 then gives complete information concerning the continued fraction 
and shows that it represents a function which is either holomorphic or mero- 
morphic over the entire finite plane. 

If the real part of A'l -\- A" is negative, a„ approaches the limit ^ = qo , 
and no information at all concerning the continued fraction* can be obtained 
from Theorem 1. 

Lastly, if the real part of A'l + A!l is ecjual to zero, the* moduli of agn^^d 

^^» + i approach finite limits, which by (10) are seen to be identical. Their 

arguments, however, will fail to approach definite values, unless the imaginary 

part of A'l 4- A'l vanishes, too. When this happens, ^i^n and ^^^„^i must both 

« 1 . 

approachlimiting values, since 11(1 -h —j) is convergent. The identity of the 

two limits then follows from (10). If^ therefore^ equations (9) and (10) hold 
for large valuer of ?i, the necessary and sufficient condition that a„ shall apjiroach 
a finite limit different from zero is that Ai + A'l shall be equal to zero. 

5. The Convergence of the Continueth Fraction (1) lohen A[ -h A'{ = 0. 
Case I : a,,' Ultimately Heal, When the condition : 

A[ + A'{ = 

is fulfilled. Theorem 1 dotcrjnines the convergence of the continued fraction 
for a portion of the x-planc.* Further information regarding its convergence 
can be gained by throwing it into the form (2). For this puri)ose put x = \/z 
and then transform so as to remove z from the partial immerators. It will 
then appear in the alternate denominators, beginning with the first. An eas}^ 
and well known reduction, which alters neither the value of the continued 
fi-action nor the value of its convergents, then gives the following values for 
the coefficients of (2) : 

, 1 , ^fl<^h • • 'ffin—l 2 _ ^h ^U • • • (f'ln /i.>\ 

^1 = ♦ ^2« — > '^2ri-f 1 • V '^^ 

a I a 2 a^ , . . c/^n ^'i ^'3 • • • ^'2/14-1 

We will take up first the case in which r/„ is real for all values of n ^ m, 
where m denotes a fixed number. Since by hypothesis 

limit-"--* = 1, 

M = 00 "'tt 

* Theorem 1 is also applicable when only the real part Ai -\- Ai vanishes. This case will 
not concern us here. 
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a„ must ultimately have a constant sign. If this sign is — , it may be changed 
to + by putting x = — x'. We may therefore assume that a„ is real and 
positive when n exceeds the even integer 2fi, 

Let now the first 2fi partial quotients of (1) be omitted, and consider the 
continued fraction which remains. For convenience we will denote the coeflS- 
cients of its numerators by aj, a^^, . . • . The corresponding values of i2n ^^^ 
62,1-1-1 ^^® ^c^I *"d positive. Furthermore, when n is sufficiently increased, 
we have 

^1n "211 — 1 1 . -^1 . -^2 



/i' n' A" 

^1 = _^:^"_ ^ 1 + _4i_ ^ . . . . (14) 

*2n-l W/i+I " + /^ 

Now since A[ + ^J' = 0, either Ai or ^J' must be greater than — 1 ; say the 
former. Then 



li,n;Y^^_ l')>- 1, 

n = oo \'^2n — 2 / 



00 



whence it follows by a theorem of Kaabe's* that 2 U^^ is divergent. If 

n = l 

A'l> — 1, we see shnilarly tliat 2 62,4-^.1 diverges. In either case, all the con- 
ditions of the theorem of Stieltjes quoted in §2 are fulfilled, and the continued 
fraction, after the omission of the first 2ft partial quotients, will converge over 
the entire plane of z except along a cut from z^Otoz — — <x>. Since x = l/z^ 
there is a* similar region of convergence in the plane of x. When the 2ft 
partial quotients are restored, the reasoning of §2 may be repeated. We 
conclude therefore that under the conditions indicated the continued Auction 
(1) represents a function wiiose only singularities exterior to the negative 
half-axis of x are poles, f 

6. Continuation; OaseW: a^ Not Ulthnatehj Real. The direct con- 
sideration of (1) when A'l + A'( = 0, appears to be difficult if a^ is not 

* ZeiUchrift fUr Physik und Mathematiky vol. 10, Vienna, 1832, p. 63 ; cf. for example, Stolz, 
Allgemeine Arithmetik, vol. 1, p. 268. 

t If -4i < — 1 and A'^ < — 1, the series SfcJ, is convergent. In this case the limit of the 
series of odd convergents or of tlie series of even convergents is meromorphic over the entire 
plane of x, but the two limits are not identical. 
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ultimately real, or at least if yli and A'l are not real. For Weierstmss* shows 
that the argument of i„ will fail to approach a limiting value if the imagin- 
ary component of A'l in (13) or of /IJ' in (14) is not ecjual to zero. On this 
account it is better to prcxuKid indir<»ctl3\ 

Equation (7) enables us to consider the even and the odd convergents 
se])anitely. Since a similar ndation connec^ts the numemtors of the conver- 
gents of (2), the even convergents form by theinselves the successive conver- 
gents of the continued fmction 

/>2 ^>2 ^U 



bjK^z -f 1 - h^h^z -h 1 -f -^* - h^^f^z -f 1 + ^ - 
while the odd convernrents have a like connection with 



(if>) 




fj,L,z -h 1 + >•' - ^Ju- -f 1 + /- 
If in (16) we set '^" "^ ' = a'( and then reduce the continued fmction to the 

'^2n — 1 

normal fonn in which each partial nunu^rator is ecjual to 1 , it IxH'omes 




1/] J I ... A 

'■n, /'[' (f>,h,z + 1 + J^) - '''I {''r,'u^ + 1 + g - / 



(17) 



in which f//, is obtained from the a',[ by doul)ly accenting the hitters of (12). 
The contiiuied fmction (17) is of the fonn 

We shall show that /y„ approaclu\s a limit dilf(»r(Mit from 0, which we shall de- 
note by i'"~S and that C,^ approach(»s 2 as its limit, when ?? = x) . The con- 
vergence of the continu(»d fmction 

^ ^ ... (17//) 



K-^z + 2 ---k-^z ^ ^1 - 



* Werkey I. c, p. 181-184. 
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can be dealt with directly by means of theorems already established, and then 
the fraction (17a) can be treated in a similar manner. 

Let the first 2r — I partial quotients of (1) be omitted and consider in its 
place .the continued fraction which remains. If r has been taken suflSciently 
large we shall have in the continued fraction corresponding to (17) 

hff — ^i _ ^ + 2 _ 1 ^i , ( ) , 
&8 a^r^i r-h 1 (r + 1)* 

and the value of ftj' can accordingly be made to differ from unity by as little as 
we choose. The same is obviousl}^ true of />2- Furthermore 

^2w _ ^'2n — 1 _ 'Un — 1 _^ ^4n -fl _ ^4n -j- 2r — 3 _^ ^4n -f 2r — 1 
'^2n — 2 ^hn ^in — 3 ^in — 1 ^Un + 2r — 2 ^Un -\- 2r 

Avhence we obtain with the aid of (9) and (10) 
6i'„ "^ 2/1 + r- 1"^ {2n + r-iy'^ 



^2n— 2 i , ^\ . ^l 

2n-\-r (2u-\- r) 



B. Ik 



[2 , ^^^ 

(2n-hr)« (2n + r)= 



= 1 -(- — ^ + -^ 4- 



It will be noticed that the first power of l/(2n -h r) does not appear. We can 
show in like manner that it is absent in the expansion of 62n + i/^2n-i' There 
must therefore exist a positive number C such that the inequality 

Q 



^^n — 2 



< 1 + 



(« + ry 



shall hold for all values of n. Now the product 

C 



1 (' + (^ 



by increasing r suflSciently can be made to differ from unity by as little as we 
please. Since this is also the case with ij' and l/^, it is possible so to choose 
r as to make 

\f>n— 1| "^^1' (n = 1, 2, . . .), 

in which €i is a small but arbitmrily assigned positive quantity. 
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FurtliciTUorc, in eacli partial denominator of (17) Ave liave the relation 
^n^n-f 1 = l/^n-h2r' I^? then, A- is the limit of «„, the following condition may 
also be fulfilled 

I^H^^M-fl- ^'"M < ^i» (^* =1,2,...) 

Lastly, since 

'^n f^n -f 2r -f 1 

the value of this ratio can be made to differ from unity by a (juantity of as 
small a modulus as is desired. Hence we see, finally, that if?' Itas been taken 
sufficienth/ larf/ey the ,succeft,sive jmrtial denomhtatorft q/" (17) for ant/ (jiven 
finite value of z will all differ from k~^z ■\- Ihy a quantitij whose moduluH is 
smaller than an arbitrarily prescribed qnantitt/ e. It is also possible so to 
choose r that this shall hold nniforndy for a given finite reyionof the plane of z. 

7, Completion of the Proof in Case 11. We now have all of the mate- 
rial at hand for the final determination of the region of convergence of the con- 
tinued fraction (1). We suppose thatr fulfills the condition of the close of 
§6 and place 

w — fc^^z. 

Also let T' be the corresponding region in the plane of ?/;. This region shall 
lie wholly above or else wholly bi'low the real axis. If the continued frac- 
tion (17) is tmnsfonned so as to make each of its numerators ecjual to + 1, 
the signs of the alternate denominators must be changed. Hence at each 
point of T' the imaginary component of the denominators will be alternately 
positive and negative. Also, in T' the absolute value of the ratio of the im- 
aginary to the real component of any denominator will never sink below a 
finite minimum. Lastly, the sum of the absolute values of the denominators 
is divergent throughout T'. When these three conditions are fulfilled, it fol- 
lows by a theorem which I have given in the Transactiojus of the American 
Mathematical Society^ vol. 2, p. 229, that the continued fraction converges 
throughout T. The reasoning of the succeeding pages also shows that the 
convergence is uniform throughout 2'. 

We have thus shown, under the conditions stated, that if a suflScient 
number of partial quotients at the outset in (1) are omitted, the convergents 
of odd order will converge at each point of T\ A similar course of reasoning 
applied to (15) will prove that this is also true of the even convergents. Since 
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tho convergence in uniform, the linnts are holomorphic within T\ If, now, the 
omitted [)artiiil quotients are restored, the reasoning of §2 makes it evident 
that the limits of the two series of convergents are analytic functions whose 
only Hiiigiilariti<*s in the interior of 7" are poles. Since ic = kr-^x~^^ it 
follows from Theorem 1 that the limits of the two series of convergents are 
identical in the portion of the ?i7-plane which lies without a circle described 
about the origin as center with a radius equal to 4. If 7" does not extend 
into this portion of the plane, it is possible to enlarge it so that it shall. Thus 
the limits of the odd and of the even convergents must coincide throughout 
the whole region 7" since they are analytic functions and coincide throughout 
a part of this region. Finally 7'' can be enlarged so as to include as nmch of 
the positive (or of the negative) half-plane as is desired. We conclude there- 
fore that if a cut is made along tlu^ real axis from ?/; = — 4 to 2V = 4, the con- 
tinued fraction will represent a function which is meromorphic in the remainder 
of the plane. 

To obtain the corresponding region of the x-plane, we first draw a straight 
line through t\m points x = ± \/ik and then cut the plane along the two seg- 
ments of the line which lie between these points and oo. 

8, Our last step will be to show that one of the two cuts just made may 
1)0 dispensed with. Take for this purpose any region 7'" in the ?r-plane in which 
tho real part of w is positive and which includes a portion of the real axis. 
We have already proved that by properly choosing r the denominators in the 
continuc^d fnietion (17) can l)e made to diH'er from w + 2 throughout 7^' by a 
quantity whose modulus is smaller than an arbitrarily prescribed quantity e. If 
€ is taken suflScientlv small, the moduli of the denominators will exceed 2 at 
each point of 7'", inasnmch as tho real part of w is positive. This will also 
hold for each denominator, except the first, in the continued fraction which we 
derive fnmi (15) in tho same manner as (17) was derived from (16). The first 

denominator, />2~* (^^1 '^2^*'^ -i- 1)> ^^''1 obviously exceed 1 b}- at least some 
small quantity A, if r is suflSciontly large. The convergence of both continued 
fractions within T'' then follows from a theorem of Pringshoim.* We shall, 
however, reproduce his reasoning here in such form as to make it immediately 
apparent that tho convergence of both fractions is uniform. 

For convenience, let tho nth partial quotient in either continued fraction 

* SitZHng»herichte der Miinchener Akademic, vol. 28, 1898, p. 313-316. 
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bo denoU»d by l/r„ «**'•. According to our hypothesis we have for each point 
of T' 



and hence 

From the relation 
it follows that 






A 



(« > 1;, 



J}.. = >•/''».. IJ 



n 



H 



H— I 



+ Dn-2 



D 



n 



Jht — I — J^n — I — ^n — 2 



^h. 



Hence \Dn\ ^ 1 + t^^^^' Furthermon^ 



D 



and consequently 



n + l 



JJ 



n 



1 



»l -f- * 



D 



» + < 






1 



M. /^-, 



+ 



1 



+ 1 



■l^n + I J-^n + i 






1 



-h 



1 



+ -1 



1 



Dn -I- t _ 1 J^n + »• 



• • • 



(n + //-i)(n+ 1 + A-') ' (n+ 1 +A-i)(7i+ 2 + A-i) 

^ ("»•+ /- 1 +//->)(/* + /+//-^)J' 

Since the value of the last expression can be made as small as we choose by 
sufficiently increasing n, the continued fraction will converge uniformly within 

The region T" can now be enlarged so as to include as much of the posi- 
tive half of the t^-axis as is desired. The portion of the ?i?-cut between the 
origin and iv = 4 was therefore supeiHuous. In the it'-plane we may omit 
the cut between x = 1/4^' and x = ac which corresponded to this poilion. 

This completes our determination of the character of the function repre- 
sented by (1) when yIj-H- Ai = 0. The result reached can be summed up as 
follows : 

Theorem 4. If in the continued fractioti of Theorem 1 the ratios a^^^ _ j/o^n 
and «2nA'2M + 1 y^^^ sufficiently large values of n can be expanded into convergent 
series inpowei's of\/n and if A'l + A'l = 0, the region within whkh the con- 
tinued fraction represent^H an atmh/tic function can he extended so as to include 
the entire plane ofx with the exception of a cut dratonfrom x = — 1/4A; to x = oo 
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in a direction which forms the continuation of the line joining the origin to 
X = - l/4i. 

The only singularities of the anal f/tic function exterior to the cut are poles 
and the continued fraction converges in the same manner as in Theorem 1. 

If A[ -\- A'l ii and the real part of A\ + Ai is positive^ the continued 
fraction represents an analytic function which, in the finite region of the plane, 
ha^ no other singularities than poles. 

If the real part of Ai -\- A'l vanishes but the imaginary part does not, then 
the continued fraction represents an analytic function ivhich at least within a 
circle described tcith a radius l/4k about the point x = has no other singular- 
ities than poles. 

II. Application of the Fundamental Theorems. 

9. (a). The Continued Fraction of Gauss. The last theorem can be 
applied directly to the continued fraction of Gauss. For since 

(a- 1 +7^(7- 1-/3+^0 (l3j^,i)(y^a-\-n) 



''^" {y^2n-2){y+2n-l) ' ''^" + ^ " (^ + 2;i - I) (7 + 2n) ' 

a„ has the Imiit k = — 1/4. Moreover, 

= 1 — -|- . . . ^ 



a.^„ _^ i n 

and A'l -f Aj = 0. The continued fraction therefore represent a finiction 
whose only singularities exterior to the portion of the real axis between x = I 
and x = -\- x> are poles. It also converges unifonnly to the function as its 
limit in any region bounded by a continuous curve, from which the poles and 
this portion of the axis are excluded. 

It remains to identify this function with the quotient G(a, /3, 7, x) from 
which iGrauss derived the continued fraction. Now 

1 a^x a^x ai„x 

Cr(a, p, y^ X) = - — — — — .... — -, 

where 

Gi = G{a -h /I, ^ 4- n, 7 -h 2/1, x). 
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Hence 



G(a, ^, y. X) ^ J- = ^a X Q ~D ~ W 



^ ^h ^3' ' ' <^ln + 1 <^^l ^^" 

J^'ln{^%n + ^2m + 1 ^ 'A ^ln—\) 

This shows that when (r^a^ yS, 7, x) and N^JD^m ai'c expanded into series in 
ascending powers of a;, their expansions agree to a greater and greater num- 
ber of terms as n increases. We will prove that G(^a^ yS, 7, x) coincides with 
the limit of N^nll-^^n l>y demonstmting the following 

Theouem. If a seqxience of anahjtic functions converges uniformly to a 
limit in the vicinity of (he origin and their expansions in ascending powers of 
x, as n increases^ agree to a greater and greater number of terms with a given 
series I^{x), this series is the limit of the sequence,* 

Loty|t(a;) represent the ni\\ of these functions and let 

fn{x) = a'o' + (fT'x +...., 
P(x) = Co + ('iX +..... 

Then, by hypothesis, if the positive int(^ger 7n is chosen at pleasure, a second 
integer fi can be so determined that 

Hence, generally, 

lim rti'*^ = r*,-. 

n — ao 

The theorem asserts that 

/'(x) = lim fn(x). 



t? = OD 



To prove it, then, we have only to show that the limit of the series 



* This theorem follows from the theorem that, if 8„(x) is a single valued, analytic func- 
tion of X throughout the two-dimensional region T of the complex plane for n = 1, 2, . . . 
and if «„(x) converges uniformly in T when n = 00 , its limit being denoted by F(x) ; 
then F(*'^(x) = lim «J,"(ac), i = I, 2, 3 and the proof is now readily completed. Cf. 

de la Vall6e Poussln, Annales de la Societe scientijiqiie de Bruxelles, seconde partie, M^moires, 
vol. 17, 1893, p. 324. [Ed.] 



• • • 
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18 equal to the series of the limits : 

lini ai"> -I- lim a^^x + 

This follows immediately from the uniform convergence. Thus the theorem 
is proven, and the limit of the continued fraction of Gauss is the function 

If a, )8, 7 are real, an upper limit for the number of poles of this function 
exterior to the positive half of the real axis can be obtained with the aid of 
Theorem 3. It will be seen at once that it can not be greater than 2iV', if N 
is the smallest positive integral value of n for which the following inequalities 
simultaneously hold : 

a + w — 1 > 0, ^ + 7i > 

7— 1— )8 + 7i>0, 7 — a + n>0, 7+2n>0. 

This furnishes also an upper limit for the number of zeros of Fi^a^ ^, 7, x) and 
its analytic continuation which lie without the positive half-axis. 

10. (/>). Tlie Continued Fraction for BesseVs Qiiotient J J Jn_ I. From 
the well known equation connecting three consecutive related Bessel's func- 
tions, 

J,,{X) X J,,(x) 

the continued fraction 

2n 1 1 

X ~ 'In + 2 2n -\- 4 

X X 

is derived. This may be transfonned so as to become 
. X X? x^ 



2n 2n+2 (2n -\- 2)(2n -\- 4) (2/i + 4) (2n + 6) .,^^ 

— — — \ ^ ^ • • • (io) 

X I — 1 — 1 — 

Also by removing a factor x~ ^ and placing z = ^ x~ '^, it may be thrown into 
the form 

2/i 4- . . . (19) 

^ (2n + 2)z + {2n + 4) + {2n + {V)Z + ^ ^ 

The application of Theorem I to the continued fraction (18) shows that 
it represents a function which is meromorphic over the entire plane. The 
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identity of the function with e7„ __ i/f7,i can be established easily with the aid of 
the theorem of §9. 

When n is real, Theorems 2 and 3 can both bo applied to (19). We thus 
find that the number of poles of the function defined by (19) which lie without 
the negative half of the axis is equal to zero if ;i > — 1. When n lies between 
the two negative integers, — m and — {m + 1 ) , the integer ?/^ furnishes an upper 
limit for the number of such poles. Now to each of these poles there corre- 
sponds a pair of imaginary poles of the meromorphic function defined by (18) . 
Since the poles of the latter function are the roots of e7„, we conclude that all 
the roots of J^ are real if u > — 1. If ti < — 1, the number of pairs of conju- 
gate imaginary roots can not exceed m. As a matter of fact, this is the exact 

number.* 

• 

!!• (c). Ileine^s Oontiiiued Fraction. One of the generalizations of the 
hypergeometric series /^(a, ^, 7, a^), which was proposed by Heinef is the 
series 



,(....„„.) = .. o-^h;,-;) 



, (l-7-)(l-V' + 0(l-r/)(l-/+ ') 

(l-y)(l-7«)(l-7V)(i_.yv + .) +•••• 

This satisfies a difterence equation of the second order. The hypergeometric 
series is the limiting case obtained by letting q approach unity. Without in 
any way restricting the generality of the above series, we may assume y to be 
less than unity. 

For the quotient 

<f>(a, ^H- 1, 7 -f 1> g, ^0 
<f>{a, fij 7> 7' ^) 

Heine obtained a continued fraction of the form (1) in which 



* Math. Annalen, vol. 33, 1888, p. 268. 
t Crelle, vol. 84, 1847. 
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When n increases indefinitely, the limit of both of these coefficients is obviously 
zero. Theorem 1 is therefore applicnble and shows that the continued fraction 
represents a meromorphic function, which, by the theorem of §9, may be 
proved to be identical with the above quotient. 

WeSLEYAX Uxn-ER«ITY, MlDDLKTOWX, COXX. 



ON THE DIFFERENTIATION OF AN INFINITE SERIES 

TERM BY TERM. 

By M. B. Porter. 

If 

f{x) = 2w„(a;), a<x<b, 

denote a convergent series of single valued, differentiable, real functions of the 
real variable x, the ordinary suflScient condition that the derivative/*' (a) exist 
and that 

f(x) = i<(«), 



oo 



namely, that each temi Un{^) be differentiable and that the series 2 nl^{x) be 

uniformly convergent, is practically limited to the case where the uniformity 
can be tested by means of a so called Jif-series. That is, we shall have 



00 



f{x) = 2 <(«) , a<x<b. 



OD 



if there exist a convergent series of positive tenns, ^M^^ such that 

wJ,(iK) |^3f„, a<x<b. {A) 



The practical impoilance of this test in that, in particular, it is immedi- 
ately applicable to power series and thus leads to a simple as well as rigorous 
treatment of undetenninod coefficients, renders ah elementary proof of it de- 
siiuble. The following proof, while probably not new,* has not come to the 
notice of the writer elsewhere, and seems to be sufficiently elementary. 

If X and x -f Aaj lie in the interval of convergence of the series 

00 

f{x) = 2i/„(a;), 
1 

* Dini, Functionen einer reellen Orosse, p. 154, uses the Mean Value Theorem, bat as he de- 
duces a more general criterion, his proof is much less elementary. 

(19) 
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then, by the primary definition of convergence, we hare 

/(x -h Ax) -/(x) ^ I u^(x -h Ax) - t/,(x) 
Ax 1 Ax 

and, by the first Mean Value Theorem, 
/(x + Ax) ^/(x) 



Ax 



= 2 m;(x + ^„Ax), < ^, < 1. ( 1 ) 



If € be an arbitrarily assigned positive number as small as we please, {A) 
tells us that a positive integer Jf can be found such that 

\lu',(x+0,Ax)\<^. (2) 

Furthemioiv, since each tenu ''«(x) has a derivative mJ,(x), a number S can 
be found such that, if I Ax | < S, 

will differ from its limit, «»(x), numerically by less than e/2n, so that 



\-Lui{x + 0,Ax)--S.u:(x)\<l. (3) 

1 1 ^ 



Hence it follows that 



/( x4-Ax)^/(x) ; 



< €, I Ax I <S, 



which proves the theorem. 

The continuity, or even the integrabilit}', of the derivatives wl,(x) is not 
postulated in the above proof, since the Mean Value Theorem merely requires 
that the derivatives exist. 

The same proof can be applied when x denotes the complex variable, 
Xi -h Xji, the Mean Value Theorem* for functions of a complex variable now 
being employed. 

New HA>Ti:N, Coxxecticut, 
AroisT, 1901. 

♦ Stolz, Diff. II. Intetjralrechnuug, vol. 2, p. 95. 



A NOTE ON GEODESIC CIRCLES. 

By J. K. Whittemore. 

BiANcni defines a geodesic circle as the locus of a point on a surface at a 
constant geodesic distance from a fixed point of the surface.* In this note I 
use the tcnn in this sense. Darboux calls a curve of constant geodesic curva- 
ture a geodesic circle. t Bianchi states in a footnote} that all the geodesic 
circles of a surface are curves of constant geodesic curvature, when the total 
curvature of the surface is constant. 

In this note I shall prove a set of more general theorems from which 
Bianchi's statement and its converse follow at once. I use the term "geodesic 
circle " in Bianchi's sense. My theorems are the following : 

Theorem 1. Ify on a surface^ there exists a family of concentric geodesic 
circles such that the geodesic curvature of each cui^e of the family is conMant^ 
then the total curvature of the surf ace is constant along each curve of the family j 
and the surface is applicable to a surface of revolution so that the geodesic circles 
fall on the circles of latitude of this surface. 

Theorem 2. Conversely ^ if^ on a surface^ there exists a family of con- 
centric geodesic circles such that the total curvature of the suiface is constant 
along each curve of the family^ then the geodesic cui*vature of each geodesic 
circle is constant^ and the surface is ajJplicable to a surface of revolution by the 
fo7*mer theoron. 

Theorem 3. Finally, if a surface is applicable to a surface of revolution 
so that the members of a family of concentric geodesic circles of the surface fall 
upon the circles of latitude of the surface, then the geodesic circles are curves of 
constant geodesic curvature and of constant total curvature, 

I suppose the common centre of the geodesic circles to be an ordinary 
point of the surface. I choose as curvilinear coordinates on the surface, the 
geodesic distance, u, from the common centre of the circles, and the angle, v, 
which a geodesic makes at this i)oint with some fixed direction on the suiface 
at this point. Then the linear element of the surface has the foim, 

ds^ = dti^ + C^ dv\ 

* Bianchi. Vorlesungen iiber Differentialgeometf-ie, p. 160. 
t Darboux. Theorie generale des surfaces^ vol. 8, p. 151. 
Xl.c, p. 102. 

r2n 
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TIm^ fjfjM)(ii<Hlii I'urvatuiH^ of oiu^ of tho gcMuloHic circles is given by the formula: 

I ^ _ 2 i_^' 

Tin* U)U\\ tnirvaturt^ of tin* nurfaco at any point is* 

"" " if; ?//« 

(\>n«lilor Urnt ThoonMn H. The olonicnt of arc dJS of a surface of revo- 
lution vww bo oxpivssod in tho fonn 

wboiv f/iT (lonotos Uu> oKMUont of uiv of a meridian curve, y=y"(a;), and 
^(♦^^ - y » the ItMtgitudo iHMng lueasunnl by $. According to the hypothesis 
of iho tluHUvn^ it is passible t<^ detonnine u and v a^ functions of o* and such 
that, >vhon ♦* const, » <r - const, also and furthcrmon^ that dS^ = (fe*, or 

du^ ^ (^«/r« = </o-« 4- <^^/e^. (1) 

hot M - tmr, ^K c :- ♦'(o", (^"i. Then, ft\mi the tirst iH>ndition it follows that 

*"?-« - 
SuK<«t)l\ttin^ fov iln «nvl »/r ihoir vhUu^s Jn tonus ottla and tl$, wo show furthor 

*•• - I VI _ A 

CiJ CO" 

Hoiuv fc ^ auvi e^ is a fuiuHuni \xf t* aU^m\ Simv thi^ asjiiin^uH^nt of the indi- 
vkU^I v^^vU^s.i^^^ r - e\ to tho indivUual UH^ridfcins t* = e^^ is still arbitmrv, we 
u^N u^kv ihis ?iki55.i^iuHM^l in s^K^h a w^v that r = e*. It then folk*w>> fr\>ai \^l) 
iKat 

I. ^xx iKal t^ i^ a tuts^k>« \>f * aKuie. The s^uu^ will N? iru^j^ i>f 1 fk^ and c : 
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Lc^t lis now suppose, to prove Theorem 1, that the geodesic circles, u = 
constant, are curves of constant geodesic cuiTature. Then 

pu C du 

where Vis n function of u alone. We have by integiution 

where t^is a function of v alone. 

dC 



Now, since ( ^;— ) = 1, it follows that 

1 = t/'(0)e^W+r(r)^ 



and hence that Vis a constant. O is, therefore, a function of u alone, and 
Theorem 1 is proved.* 

Finally, to prove Theorem 2, suppose that the geodesic circles, u = con- 
stant, are for the surface curves of constant total curvature. Then is 

1 ^'^ = - Fin) (2) 



/c = — -^ 



C du^ 

where F(0) is finite, since the centre of the geodesic circles is an ordinary 
point of the surface. In order to integrate equation (2), let f/be a solution 
of the ordinary differential equation 

which vanishes for u = 0. Then we have 

c aw* ^ + ^ 

Next, replace O by z where 

C=ze'^; 

z is an unknown function of u and v, which must however vanish for « = 0. 
For the detenni nation of z we have the equation : 

♦ For a proof of the theorem that, if the element of arc of a surface can be written in 
the form d/S' = Ed.\^ -f- Cdt?', where Ey O are functions of u alone, the surface is applicable to 
a surface of revolution, cf. Picard, Traite d'analyse, vol. 1, p. 423. 
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Intejrrating this equation, the general value of z is found to be 

where I'' and T^i are arbitnirv functions of v. Since now z and n vanish 
together, Vi is identic*ally zeix), and 



C = e^^+'' Te-*^' du. 



Furthemioi'e, since for u = 0, we have 

CM 

it follows that for all values of v 

e''= 1. 

Hence V is identicallv zero, and 

C = e^ i e-^'^' du 



= e-Te-^^^ 



and is a function of u alone. Theorem 2 follows at once.* 

Harvard University, 

Caucbridgb, Massachusbtts, May 18, 1901. 

• Plcard, /. c. 



NOTE ON THE FUNCTIONS DEFINED BY INFINITE SERIES 
WHOSE TERMS ARE ANALYTIC FUNCTIONS OF A COM- 
PLEX VARIABLE; WITH CORRESPONDING 
THEOREMS FOR DEFINITE INTEGRALS. 

By W. F. Osgood. 

Let 

fi{^) +/2(x) + . . . (a) 

be an infinite series of real functions of the real variable a;, fn{^) being single 
valued and continuous throughout the interval (a, 6) : a^x^by and let the 
series converge for all values of x pertaining to this interval. Its value shall 
be denoted by F(x). The class of functions F(x) thus defined and the mode 
of convergence of the series have been studied at length.* In particular, the 
function J^(x) need not be continuous throughout any interval lying in (a, i). 
This class is coextensive with the class which, at first sight, might appear to 
be smaller and which is obtained by imposing on fn(x) the further restriction 
that it be analytic throughout the interval (a, 6). For, let 

Then there exists a function a-n{x) analytic throughout the interval (a, b) and 
differing numerically from «„(x) uniformly by an arbitrarily small amount, 
i. e, <r„(x) satisfies the relation 

where e is an arbitrarily small positive quantity, t It is readily seen that the 
function <r„(x) converges towards the value F{x) ; for 

\F(X) - sJx)\<e\ <\ arbitrary; j 

\ \ / « \ / I ' ,j^ suitably choBcn S 

|'^n(^0 - o'„(x)|< c; 

I F{x) — o"n(^0 I < € -f e'. 
Now form the series : 

♦ Cf, Schoenflies, Bericht iiber clie Mengenlehre, Jahresbericht der Deutschen Mathematiktr- 
Vereinigung, vol. 8, 1900, chap. 7, p. 217. 

t <rn(x) may, in fact, be chosen as a polynomial. This follows from Weierstrass's theorem 
that any continuous function of a real variable can be represented by a uniformly convergent 
series of polynomials. Cf. Picard, TraUe d'analysct vol. 1, 1st ed., p. 258. 

(26) 
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where <f>n{'f*) = <^n('^0 — o"n-i(-*^)» n > I ; <f>i{^) = ^i(^)« Then this is the 
desired series ; namely, a series of analytic functions having the same function 
I^\x) for its value as the original series. 

If we pass from the domain of real to that of complex variables and func- 
tions, the precise analogon would be a series of complex functions, single val- 
ued and continuous throughout a two-dimensional region T of the complex 
2:-plane and convergent at each point of this region. Such series are without 
inti»rest unless their terms are analytic functions of z. We shall here consider 
the da.ss of functions 

F{z) =f,{z) +f,{z) + . . . . 

defined hy a series of functions, each of which is anah/tic throughout a 
twO'dimensiomd region T of the complex z-plane, the series being assumed to 
converge for every point z lying within this region. 

The principal results of the paper are stated in Theorems I and II, and 
are of a very general nature. The condition of uniform convergence is no- 
where imposed. In fact. Theorem II presupposes only the baiH> convergence 
of the series — nothing more. The proof of Theorem II depends on a theorem 
in the theory of sets of points, which is quoted in No. 5, and w^hich has already 
proved of value in the study of general (juestions in the Theory of Functions. 

We observe that from Theorem II follows at once a proof of the theorem 
that a function of z which is continuous throughout T cannot be represented by 
means of a series of functions each analytic throughout T unless it is at least in 
parts of T analytic. 

§1. 

1. Theorem I. If the infinite series 

fi{^) +A{^) +••••, (1) 

whose terms are all functions of z^ single valued and analytic throughout a 
region T of the complex z-plane^ converges for all values of z pertaining to a 
set of points which is everywhere deut'te throughout T {and which y in particular^ 
may be enumenible) ; and if furthermore^ the relation 

holds for all points z of this set {and hence of T) and for all values of /i, G 
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being a positive constant^ then the series converges for all values of z in T and 
the function F{z) defined by the series: 



• • • • 



is analytic throughout T. 

To prove the theorem, we set 

/n(«) = «^n(i»» y) + *Vn(i», 2/)* Z ^ X -\- iy, 

form the series of harmonic functions 

Wi(ic, y) +W2(a;, y) + • • • , (2) 

and show that this series converges uniformly throughout the neighborhood 
of every interior point .4 of T, Hence the function u(x, y) defined by (2) 
is harmonic in T and the series can be differentiated tenii by term, the result- 
ing series converging likewise unifonnly. The series of conjugate functions, 

Vi{Xyy) +V2(x,y) + • • • (3) 

converges for each interior point of Tand the function v(x^ y) that it defines 
is conjugate to the function w(aj, y) . 

2. The details of the proof are as follows. We begin by expressing 
certain harmonic functions with which we have to deal by means of Poisson's 
Integi-al.* About the point .4 describe a circle lying wholly within T. De- 
note its radius by i?, any interior point (x, y) by P, and any point on the 
circumference by Q. Further, denote the angles that AP and AQ make with 
the positive axis of aj by ^ and yjr respectively, and the distance AP by r. 
Then, if w(x, y) is any function, continuous throughout the region composed 
of the interior and the circumference of the cu'cle and hannonic at all points 
within the circle, and if the values of w(x,y) along the circumference of the 
circle are denoted by W(ylr) , Poisson's Integi'al gives the following representa- 
tion o{ w(Xj y) at the interior points of the cu'cle : 
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Consider the function 

^n{x^y) = ^h(x^y) + • • • + u,,{x,y). 
* Cf., for example, Plcard's TraiU d'analyse, vol. 2, p. 16. 
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Its partial derivatives^ ^ and r-^ , are finite throughout the neig/iborhood of 

the point A. We will choose as this neighborhood, 9i^, the interior of a 
circle with A as centre and ludius iH, From (4), 

hence 

^ ^ JL Ts' 1 /^-^ . . 

ax- 27r j, " a^ /? - 2i;/-cos (i/r - <^) + r« ''^' 

with a similar fonnula for dsjdy. Differentiation under the sign of integration 
is here allowable.* Denote by /I'a quantity that is at least as large as the 
maximum numerical value of either of the expressions 

a R^-r^ a IP-1^ 



dx R^ - 2Rrvos {yjr -^ <f>) -{. r- ' dy R^ - ^Rrcos (-i/r - <^) + r* ' 

(x,y) being any point of 9t^ and ^ i/r < 27r. Then, since | 6'„| ^ 6? for all 
values of yjr^ it follo>vs that 



3f» 
dx 



^ KG, 



dSn 
^11 



^ KG, q, e. d. 



3. We are now in a position to prove that the function s^{Xyy) con- 
verges unifonnly toward a limit throughout the region 9i^. The proof follows 
at once from a theorem which has been etated and proved for functions of a 
single variable by de la Vall^e-Poussin.f The extension to functions of n 
variables is iimnediate. The theorem is as follows. 

Let Sn(x) be a function ofx, continuous throughout the interval a ^ x ^ b 
and having a finite derivativeX for all values of x in the interval and for 
TX ^^ 1., iS • • • , »• e» 

|,<(iK)| < L 



* Cf. Picard, Traitk cCanalyse, vol. 1, p. 29. 

t AnnaJes de la SocxHe scientijique de Bi-uxelles, premiere partle, vol. 17, 1893, p. 8. 
X Instead of a finite derivative it is enough to require that the difibrence-quotieut remain 
finite, i. e. that 

\ ltn(X -h h) - 8nix) I ^Xh, 

where x and x -{- h are any two points of tlie interval, n = 1, 2, . . . , and iVls a constant. 
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for all such values of x and n, L being a constant. Furtherinorey let s^(x) 
converge toward a limit for each one of a set of values of x everywhere dense 
throughout this intei^val, lohen n = co » ThenSn{x) converges uniformly toivard 
a limit for the totality of values of x pertaining to the interval. 

Thus the function 5„(x, y) is seen to converge unifomily toward a lunit, 
u(^x^y), throughout the region consisting of 9i^ and its boundary. Sn(x^y) 
is a harmonic function throughout 9t^ and it takes on a continuous set of bound- 
ary values which, when n = oo , converge uniforaily toward a limit. The limit 
of Sn{x, y) is, therefore, hamionic throughout 9t^* and 



du dui dur 

— = — - -{ = -f 

dx dx dx 



This series converges uniformly. The corresponding theorems are tine for the 
partial derivatives of s„(iK, y) and ?/(x, y) with respect to y. 

4. It remains to show that the scries (3) converges and defines a func- 
tion conjugate to u{x^y). Consider the scries 

Since the series 

du '^ dUn du ^^ ou^ 

dx ^^ dx^ du -w Zu 

converge uniformly, these series can be integmtcd term by term and the value of 
the expression (5) is 

which is a function conjugate to u(x^ y) . On the other hand, the value of the 
general term of (5) is v^^x^ y) — v^KXq^ yo). Hence, the series 



ac 



^ ^'ti(a5, y) - v^{xq, 7/q) 

w = l 

converges and, if (cCo,yo) ^^ chosen as one of the points for which the series 

♦ This follows from a theorem of Harnack's. Cf, Harnack, Math. Annalen, vol. 36, 1889, 
p. 22, or Picard, Traite d'analyse, vol. 2, p. 66. That such a series can be diflferentlated term 
by term and that the resulting series is uniformly convergent can readily be shown by means of 
the representation by Poisson*s Integral. 
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(1) and hence the series 2 v„(a:o, y©) converges, it is seen that the series (3) 
converges. If t'(a;,y) denotes its vahie, then 

and the function v(x,f/) is conjugate to ii{x', y), 
Tliis completes the proof of Theorem I. 

§2. 
5. Theorem II. If the infinite .series 

tchose terms are all functions of z^ svvjh valued and analytic throughout a re- 
gion T of the complex z-plane^ converges for all values of z lying within this 
region, then there exists one or more analytic functions Fi{z), ^2(^)9 • • • 
such that the domain of definition of Fi{z) coincides, in part or wholly, with 
a region t^ lying in T and, for all values of z in /,-, 

Fi{z) = F(z), 

where /\-) denotes the value of the series. Every interior point of T either 
lies within some /, or else a part of one or more regions t^ extends into the 
neighborhood of this jyoint,* 

The functions ^^(z) maybe infinite in number. They are always enumer- 
able, 

L(*t t he an arbitnirv, two-dimensional region lying wholly wathin T. 
It may hapjxMi that, for a suitably chosen (large) positive quantity J/, the 
absolute value of 

is less than M for all pointc> ;: of ( and for all values of n. In that case, it 
follows from Theorem I that the series definesa function analvtic thrt>us:hout^. 

* This is not the same as saying that the point lies on the boundary of one or more regions 
t,. This case is inchided in the statement. Bat it may happen that the point Ues on the bound- 
ary of no region t,, but is a point of condensation of boundaries of an infinite number of 
regions t.. 

It may be objected that the notation F,(x), 1 = ], 2 assumes from the start that 

these functions are enumerable. No use, however, is made of this assumption in the proof, 
and so it is a mattvr of no moment. An adequate notation could be devised Ity allowing t to 
take on other than integral values, since the number of the functions JP.C?) obviously does not 
exceed the power (Machtigkeit) of the continuum. 
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In any case, I say that it is always possible so to choose M that^ throughout 
some two-dimensional region t' lying in t, the relation holds: 

for all values of z in t' and for 71 = 1,2,..., and hence F{z) is analytic 
throughout t\ F{z) denoting the value of the series. 

Suppose this statement were not true. Choose a set of positive quanti- 
ties Mi increasing indefinitely with i. Denote the points of t at which 
|©,i(;2)| ^ Mi for all values of n by P^-. Then the assumption is that the 
points of Pi nowhere in t fonii a two-dimensional continuum. They cannot, 
then, even be everywhere dense throughout any such continuum, since 
I ©„(;?) I is a continuous function of z. The points of P^ are all found in 
Pi^i> Denote by P the set of points, each of which ultimately appears in 

some Pi : 

P= lim P,. 



t = 00 



Now each point of t ultimately appears in some P^ ; hence Pis identical with 
the totality of points of t. But ^ is a two-dimensional continuum. A\"e are 
thus led to a contradiction of a theorem of the theory of sets of points, which 
says :* 

In a two-dimensional region t of a plane let sets of points P^, Pg, . , . be 
given, which have the folloiving proj^er ties : 

1) the points of Pi are all contained among the points of P,.f 1 ; 

2) in no two-dimensional region whatever are the points of Pi everywhere 

dense. 

Furthermore, let 

P= lim Pi 

be the totality of points that participate in the sets Pi. Then no part of P can 
form a two-dimensional continuum, 

6. To complete the proof of the theorem, let A be any interior point of 
T, HA lies in a region ti, the theorem isgi-anted. If not, consider an arbi- 
trary neighborhood t of A, Then there exists one or more regions ti having 
points in common with t. But t is any neighborhood of .4. 

♦ This theorem (with an unessential restriction) I obtained for the case of one-dimensional 
rejfions in an article on Non-Uniform Convergence and the Integration of Series Term by Term, 
Am, Jour, of Math., vol. 19, 1897, p. 173. The proof there given is indirect. For a simple, 
direct proof cf. Math. Annalen, vol. 53, 1900, p. 462. 
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Finally, the roj^ions /< are eimmerablc. This is a theorem of the theory 
of sots that has long since been proved. In fact, the internal area* of each 
(^ is a positive ciuantit}' /;, and the sum of any number of these quantities does 
not exceed the int(»rnal area of 7' itself. If, then, we choose a set of steadily 
decreasing (juantitics Cj, ej, . . . with lim c„ = 0, there will be but a finite 

n = oo 

number of ^/s for each of which /^ > Cj. These we write in the first row of a 
tnble and arningc^ at pleasure in that row. Then there will be but a finite 
number of further ^/s for which 7i > e^. These we write in the second 
row of the t4ible and armnge at pleasure in that row. And so on. Each 
ti nuist ultimately api)ear in some row of the table, and this proves the 
theorem. 

7. The (juestion arises as to whether the number of the regions t^ can 
ever actually be infinite. The answer is in the affirmative, as can readily be 
shown by means of methods due to Runge.t Thus, for example, a series can 
be constructed satisfying all the conditions of the theorem for the interior of 
the Hcpuiiv bounded by the axes of reals and puix? imaginaries and by the lines 
X = I and // = I, whose value F{z) is i when x ^ J ; i, when x ^ i but < i ; 
J, when a* ^ J but < i ; etc. 

Two or mow of the functions /\(~) may be capable of being deduced 
from one another by means of analytic continuation, so that the}' fonu parts 
of one and the same analytic function. This, apiin, can be (femonstrated by 
Rungi^'s methods. Thus one can, for example, construct a series convergent 
for the squaiv ju5it consideivd and having the value J when x ^ i^ the value 1 
when a* = 4. In fact, we mav draw anv enumerable set of lines whatever in 
r, each of which has it.^ extremities in two distinct iK)int^ of the boundary of 
T, the lines not cutting themselves or each other or clustering about any jwint 
lying within T.t Then we may assume arbitrary \'alues along these lines, 
pn>vided men^ly that the values for a given line are such as an anal^'tic func- 
tion could take on along that line. To each of the regions /,• into which Tis 
thus divided we may svssign an arbitrary function /'.(r) anah'tic thmughout 
this n^gion. Then we can constnict a series whose value /^r) shall corre- 
sjH>nd to the values and the functions thus assumed. 



* For the ilertnition of the inUrmit arfa of a set of pi>lDti c/., for example. Jordan, C^iirs 
(Trtmi/yw. Tol. 1. iil etl., ism^. §3«. 

t Kunge. Act*t Af.irt., vol. 6, 1SS5. p. 229. 

X Examples In whicii these conditions are not fultllled CAn also be readily constmcted. 
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§3 

8. By means of Theorem I, a theorem of Stieltjes may be generalized. 
Stieltjes proved in substance the following theorem :* 

If 

/l(^) +/2(^) + • • • • 

is a series of functions ^ each single valued and analytic throughout a region T 
of the Z'plane^ and if 

|/i(^)+ • • • • +Uz)\ <G 

for all values z of 7 and for all values of iiy G being a constant ; if^ further- 
more^ the above series converges uniformly throughout some two-dimensional 
region t lying in 1\ then the series converges throughout the entire region ?' 
and its value is a function F{z) which is analytic throughout T, 

From Theorem I it follows that the re(|uirement of uniform convergence 
throughout t can be rei)laced by the less restrictive one that W\i^ series converge 
for each point of a set everywhere dense throughout t. Such a set may'always 
be so assumed as to be enumerable. 

§4. 

9. Theorems I and II were stated for infinite series. Corresponding 
theorems may be stated for definite integrals and the proofs will hold without 
modification. 

Let <^(a, z) be a (complex) function of the real variable a in the interval 
A : ao ^ a ^ aj and of the complex variable z in a region T of the z-plane. 
For each value of a in A» 4>(^y ^) shall be an anal^'tic function of throughout 
T\ and for each value of z in 1\ <^(a, z) shall be a continuous function of a 
throughout A-t Then the integral 






<^(a, z)da 

will converge for each value of z in T. Since its value is invariant of the 
mode of division of the interval A> we may choose a special mode depending 
on a parameter n that passes through only positive integral values ; for 

♦ Stieltjes, Annates de la FacuUe des Sciences de Toulouse, vol. 8, 1894, p. J. 66. 
fThis condition may be replaced by the broader one that 0(0, z) be an Intograble function 
of a throughout A. 
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oxaiuplcs wo may divide the intx^rval into n equal parts. Let this bo done 
and sot 

n 
^~~^ flti — fltft 

,v„(;r) = > <^(ao-h ''Aa, 2?) Aa, Aa = 

1 = 1 

Tlion .v„(2j) is a function of z analytic throughout the region T for each posi- 
tive int(^gral value of n. If it satisfies the further conditions of Theorem I or 
II rospoctivol}', then the same conclusions will hold regarding the function 






as in the fornu^r case for the function F(z) defined by the series. 
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NFM, A GAME Wmi A COMPLETE MATHEMATICAL 

THEORY. 

By Charles L. Bouton. 

The game here discussed has interested the writer on account of its secm- 
in<( complexity, and its extremely simple and complete nuithematical theory.* 
The writer has not been able to discover much concerning its hist(»ry, altliough 
certain forms of it seem to be played at a number of American colleges, and 
at some of the American fairs. It has been called Fan-Tan, but as it U not 
the Chinese game of that name, the n^me in the title is proposed for it. 

1, Description of the Game. The game is played by two players, 
A and B. Upon a table are placed three piles of objects of any kind, let us 
say counters. The number in each pile is quite arbitrary, except that it is well 
to agree that no two piles shall be equal at the beginning. A play is made as 
follows : — The player selects one of the piles, and from it takes as many coun- 
ters as he chooses; one, two, . . ., or the whole pile. The only essential 
things about a play are that the counters shall be taken from a single pile, and 
that at least one shall be taken. The players play alternately, and the player 
who takes up the last counter or coimters from the table wins. 

It is the writer's purpose to prove that if one of the players, say A^ can 
leave one of a certain set of numbers upon the table, and after that plays with- 
out mistake, the other player, J5, cannot win. Such a set of numbers will be 
called a safe combination. In outline the proof consists in showing that if A 
leaves a safe combination on the table, B at his next move cannot leave a safe 
combination, and whatever B may draw, A at his next move can again leave a 
safe combination. The piles are then reduced, A always leaving a safe com- 
bination, and B never doing so, and A must eventually take' the last counter 
(or counters). 

2. Its Theory. A safe combination is determined as follows : Write 
the number of the counters in each pile in the binary scale of notjition,t and 

♦ The modification of the game given in §6 was described to the writer by Mr. Paul E. 
More in October, 1899. Mr. More at the same time gave a method of play which, although 
expressed in a different form, is really the same as that used here, but he could give no proof 
of his rule. 

t For example, -the number 9, written in this notation, will appear as 

123 + o-2« + 2» + V29 = 1001. 

(86) 
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place these numbers in three horizontal lines so that the units are in the same 
vertical column. If then the sum of each column is 2 or (*. e. congruent to 
0, mod. 2), the set of numbers forms a siife combination. For example, 

10 1, 

1 1, 

^'1100, 

or 9, 5, 12 is a safe combination. It is seen at once that if any two numbers 
be given, a third is always uniquely determined which forms a safe combina- 
tion with the two given numbers. Moreover, it is obvious that if a, 6, c form 
a safe combination any two of the numbers determine the remaining one, that 
is, the system is closed. A pailicular safe combination which is used later is 
that in which two piles are equal and the third is zero. In the proofs which 
follow, the binary scale of notation is used throughout. 

Theorem I. If A leaves a safe coynbination on (he tahle^ B cannot leave a 
safe combination on the table at his next move. B can change only one pile, and 
he must change one. Since when the numbers in two of the piles are given the 
third is uniquely determined, and since -4 left the number so determine<l in the 
third pile (i. e., the i)ile from which B draws) B cannot leave that number. 
Hence ^ cannot leave a safe combinaticm. 

Theorem II. If A leaves a safe combination on the table^ and B diminishes 
one of thejyiles, A can always diminish one of the two remaining piles, and 
leave a safe combination. Consider first an example. Suppose A leaves the 
safe combination nine, five, twelve, and that B draws two from the first pile, 
leaving the numl^ers seven, five, twelve, or 

1 1 1, 

10 1, 

110 0. 

If A is to leave a safe combination by diminishing one of the piles, it is 
clear that he nmst select the third pile, that containing twelve. The number 
which is safe with 111 and 101 is 10, or two. Hence A must leave tioo in the 
pile which contains twelve, or draw ten from that pile, and by doing so he 
leaves a safe combination. 

To prove the general theorem, let the numbers, expressed in the binary 
scale, be written with the units in a vertical column, and suppose that A left 
a safe combination. B selects one of the piles and diminishes it. When a 
number of the binary scale is diminished it is essential to notice that in going 
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over the number from left to right the first change which occurs is that some 
1 is changed to 0, for if a were changed to I the number would be increased 
whatever changes were made in the subsequent digits.* Consider, then, this 
first column, counting from the left, in which a change occurs. One and only 
one of the other two numbers will contain I in this same column, for A left a 
safe combination. Let A select the pile which contains the 1 in this colunm, 
and change the number by writing in this column, and filling the remaining 
columns to the right with or 1 so as to make a safe combination. The col- 
umns to the left remain unchanged, since they already have the required form. 
The new nimiber so formed will be less than that in the pile which A selected. 
Hence whatever B draws, A can always diminish one of the piles, and leave? 
a safe combination. That is, if A at any play can leave a safe combination on 
the table, he can do so at every subsequent play, and B never can do so. 

If the play continue:;) in this way A must win. For one of the piles must 
be reduced to zero by either A or B, If B reduci's it to zero, the two remain- 
ing piles will be unequal, since B can never leave a safe combination, and A 
at his next move will make them equal, and will thereafter always leave them 
eqnaL B must, therefore, reduce the second pile to zero, and A then takes all 
of the third pile, and wins. If, on the other hand, ^l,is the first player to re- 
duce one of the piles to zero, he leaves the other two piles equal and wins as 
liefore. Hence we see that the player who can first leave a safe combination 
on the table should win. 

If it happens that in the beginning a safe combination is placed on the 
table, the second player should win. If in the beginning a safe combination 
is not placed on the table, it is easily seen that the first player can always leave 
a safe combination by diminishing some one of the piles, and he can often do 
this by drawing from either one of the three piles. Therefore in this case the 
first player should win. That is, the first player should win or lose according 
as a safe combination is not or is placed on the tiible at the beginning. 

3. The Chance of a Safe CombiDation. Assnming that the number 

in each pile at the beginning was determined by chance, let ns compute the 
chance of a safe combination's being placed upon the table. It is easily shown 
that if each pile contains less than 2" coimters and if no pile is zero {{, e. if 
there are three piles), the possible number of different piles is 

♦ The proof of this statement depends on the fact that the number 100 . . . (n ciphers), 
or 2«, is greater than the number 11 ... (u ones), or 2'*-* + 2»-* + . . + 2 + 1 = 2" — 1. 

a- 
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•J" -1(2*" — I ) 

:\ • 

Tho luunhor of s«ifo roinhiimtions in the simio niso is 

(•J" -» - I) (2" - l^) 

IIiMioo iho chuiu'o of a s^ilo combiimtion'8 hoiiig placed upon the table :it first is 

.>M - I I 

«> " - I i •> M I I \ * 

and this is the ehanee ihat the vsee<»nd player ^hould win. The chances of the 
fn*st player's winning aiv to those of the second as 

-"* + •-' f .« j] _ , to 1 . 

on the assnniption that lH)th players know the theory, and that the niunlHTsin 
the various piles weiv tietennined hy chance. 

4, A List of Safe Combinations, n = 4. ,The foIh>wing are the 35 

safe combinations all of who^e piles are less than 16 : 
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i>f \-\Hirst\ to i^ivc all safe i\mibiuations of nuniKr> les* than It> we should hnve 
to avid to tiie aU»ve table the IJ> of the form 0* #1* 11. 

5. Generalisation. The t'eregvnug game i*tm (>e at once genendized 
to the i*as<^ of any num>»er \}( piles« with the same rule for playiug. In this 
case a safe v\»mbiuation is a s%»t ot mimf>ers such thal« when written in the bi- 
nary S4.*ale and armno^i with the units in the same verttitil oi>lumn« the sum ot 
each ixdumu is even ^i\ c". « = 0« moii. :i). Ju>t as before* it is shown that the 
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player who first leaves a safe combination can do so at every subsequent play, 
and will win; The induction proof is so direct that it seems unnecessary to 
give it. 

6, Modification. The game may be modified by agreeing that the 
player who takes the last counter from the table loses. This modification of 
the three pile game seems to be more widely known tiiau that first described, 
but its theory is not quite so simple. 

A safe combination is defined just as in the first case, except that 1,1,0 
is not a safe C(#mbination, and I, I, 1 and 1, 0, are safe combinations. When 
the first theory indicates that A should play 1, I, he must play either 1,1,1 
or 1, 0,, 0. The earlier part of the proof proceeds as before. In order to com- 
plete it,, we must show that li can never leave 1,1,1; that, when 1, 1, is 
indicated for A, he can always play either 1, 0, or 1, 1, 1 ; and finally that, 
if the play is cairied out in this way, B must take the last counter. That B 
can never leave 1, 1, 1 is at once clear, for A never leaves 1,1, n where 7i > I, 
since this is not a safe combination. Secondly, let us consider what sets of 
numbers B can leave which would indicate 1, 1, as A's next play in the first 
form of game. They are 1, 1, n where n > 1, and 1, n, where n > 1. In 
the first case A leaves 1, 1, 1 and in the second 1, 0, 0. The proof is now 
easily completed. Either ^ or ^ reduces a pile to zero. If B does so, the 
other two piles are unequal and both greater than unity, or at least one of the 
two reniaining piles is unity. In the latter case A obviously wins. In the for- 
mer case A makes the two piles equal, and then keeps them equal until B re- 
duces one of them to 1 or 0. If B makes it 1, ^ takes all the other pile ; if ^ 
makes it 0, A takes all but 1 of the other pile. Hence if i? first reduces a pile 
to zero A wins. If ^ first redu<*es a pile to zero he leaves the other two piles 
equal and each greater than unity, and wins as before. Hence if A plays on 
the safe combinations as here modified, B must take the last counter from the 
table, and loses. That is, in this modified game, also, the player who can first 
get a safe combination should win. 

This modified game can also be generalized to any number of piles. 
The safe combinations are the same as before, except that an odd number of 
piles, each containing one, is now safe, while an even number of (mes is not 
safe. 

Harvard University, 

(^ambriikje, massachrsktts. 
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ON THE OROUPS GENERATED BY TWO OPERATORS OF ORDER 
THREE WHOSE PRODUCT IS ALSO OF ORDER THREE. 

By G. A. MiLLEK. 

TS^'O o{)eratoi*s of order two always gencnito a dihedral rotation groui) 
whose order is twice the order of their product.* In this case, the gi'oup 
fjeneratod by two ojKjrators is completely defined In^ the orders of the oj>era- 
tors and that of their product. Similarly, the group generated by two 
operators of order three, whose product is of order two, is conii)leteh' defined 
by the orders of the two generating oiH>rators and that of their product. That 
is, the alternating gi'oup of order 12 is the only one which satisfies these con- 
ditions.! On the contrary, two ojierators («i, ff^) ^f order three whose product 
is also of this order may generato any one of an infinite system of groups of 
a finite order. The present paper is devoted to the determination of some of 
the properties of the groups of this system. J 

The following conjugate commutators 

of such a gi'oup ((t)§ are commutative since s^f<^f<^ = s^s^s^ = 1. The las! 
equation may readily be verified by means of the ccjuations {'"^iS^)^ = ,SiJ<2''*i 
s^SiA^ =1 or fiiS2^i = s^s^s^. Hence s^y,%,Sn^ generate an al)elian sub- 
group {//) of G which is either cyclic or may be generated bj'^ two ind(»- 
pendent oiwrators. We shall soon see that II is the c(munutator subgroup of 
G. From the equations 



Tf 



it follows that // is invariant in G. Its order (h) is the order (//) of C 
divided by either 3 or 9, since the gi*oup generated by *% and // cont^iins 
sfs^s^ = f^s^ and hence is also invariant in G. This proves that II is the 

* Bull. Amer. Math. Soc, vol. 7, 1901, p. 424. 
t Cf. Bumside, Theory of Groups of Finite Order, 1897, p. 291. 
X Cf ibid., p. 296. 

§ In what follows the symbol G will always represent a group of the system under con- 
sideration. 

(40) 
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commutator subgroup of 6r.* Moreover, the given equations show that ^land 
«2 transform the opemtors ^^3, ^4, s^ in the same manner. Having deteniiined 
some of the properties which all of the gi'oups under consideration possess, 
we proceed to detennine some of the special properties which depend upon 
the factors of h and especially to detennine the necessarj^ and sufficient condi- 
tions that such gi'oups exist. 

When //is cj'clicand of order ^*,^ being any prime number, the matter 
is quite simple. If j? = 2 mod 3, it follows from the above equations that G 
is abelian.f In this case s^s^s^ = ,vj = I and therefore h = 1. The non- 
cyclic group of order 9 is clearly the only group which satisfies these condi- 
tions. It is the only abelian gi*oup in the infinite system of groups under 
consideration and will not be considered in what follows. If 7; = 1 mod 3, 
82 and /T generate one and only one group of this system for every value of 
a > 0. Its order is 3h and it contains 2/i operators of order 3. The direct 
product of any one of these groups and an operator of order 3 is of order i)/i 
and belonors to this svstem. 

That there is only one group of order 9A for every value of a may be 
proved as follows : Such a G^ is isomorphic to the group of order 3 with respect 
to those of its operators which are commutative with each operator of IL That 
is, G contains a cyclic invariant subgi'oup of order 3h and hence an invariant 
subgroup of order 3. It also contains an invariant subgroup of order 3A, gen- 
erated by Hand 5.2, which does not include any invariant gi'oup of order 3. 
In other words, it is the direct product mentioned above. Hence t/iere are 
ttco and only two gro\ipsfor every value of a > tohenever p = 1 mod 3. When 
j9 = 3, it follows from s^s^h^ = 1 that /Tis either the identity or of order 3. J 
In this case there is therefore only one gi'oup ; viz. the non-abelian group of 
order 27 which includes no ojx^rator of order 9. 

From what precedes, it follow^s that we can construct at least one grou}) 
of the required system whenever H is cyclic and all the prime factors of // are 
= 1 mod 3, or when h is three times such a number. Moreover, it is not diffi- 
cult to see that the equation s,^8^»^ = 1 cannot be satisfied under any other con- 
ditions, since // is the direct product of its cyclic subgroups, each of whose 
orders is a power of a single prime. It remains to consider the cases when 



♦ Qmrterly Jour, of Math,, vol. 28, 1896, p. 266; Cf. Weber, Algebra, vol. 2, 1899, p. 131 
t The group of isomorphisms of the cyclic group of order p« is of order j)*—! (p — 1). 
X Bumside, l» c, p. 76. 
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// iM non-cyclic, but in generated by two of its operators. We shall again 
begin with the case when h = jp*. 

When^ 5 2 mod 3, s^ and s^ must be the independent generators of H^ 
since the cube of a common opeiutor is identity. Similarly, we obsei-ve that 
H^ and H^ cannot have more than 3 common operators whenever j9 = 3. When 
p m \ mod 8, we may construct a 6r by establishing a {p'^^p^) isomoiphism 
bi^tween two 6^'s of orders 3^*, ^p^ respectively in such a manner that the re- 
sulting group contains subgroups of order/; which are not invariant. Hence, 
in this case, tlie two invariants of //may have any orders such that their product 
is (H|ual to h ; i. e. ^ and ^4 may have a common subgroup of any order less 
than the oi*der of i^. 

It has been observed that the two invariants of H are equal when /? = 2 
mod 3. It may thei'efore be assumed that the order of «8 and s^ is />*", where 

m = ^, and that //is of type (m, m), H contains p^ "^(p + 1) cyclic sub- 

gix)ui)8 of order />■*, which may be divided into/) + 1 sets such that each one of 
those of one set has only identity in common with any one of another set. These 
8ubgix)U))s are transfoniied by the holomorph of //according to a transitive sub- 
stitution gix)up of degree /}"•"" ^( JO +1) and of order />**""*(/>* — 1). Since 
JO s 2 mod 3, the group of isomorphisms of //contains operators of order 3 
which j)enuute each of it** cyclic subgroups of oixierjo"*. 

Such an o)H>mtor {Si) transtbnus the jt> + 1 sets mentioned above as units. 
It cannot tmnsfonu anv one of these sets into itself, since such a ^^et is com- 
jH^sed of />"•""* groups of order/:)'". Hence H and «i generate a group which 
iH^ntains ih ojwratoi's of order 3. For «a we may select any substitution 
which translbrms the operators of // in the same manner as v<(| does and which 
gi vt^ a pi\>duct of order />"• when multiplied by Si, This proves the existence 
of the grou|>s in question for every A'alue of /> = 2 mod 3 and for every ^•aIue 
of M > 0, 

When/) = S and the two independent generators (fj, t^) of H are either 
of order 3"* or of onlers 3* and 3*~* respectively, it b easy to verify that there 
is an o)H^rati>r of order 3 in the group of isomorphisms of //, which transforms 
ix into t^i^ and i^ into i^^t^^. This o|)erator, .<|, and // generate a group of 
orvler 3A which wntains 2A operators of order 3 that are not found in H; 
for. (rj^cc,)* = ^'f C-*^-**^^/?C^-**/r** = 1- W' w^ take for .<, an opera- 
tor such that ^tjx^j = ty^ it is evident that *«i, «j generate G. This pn>ves the 
existemv of groujiis whenever /) = 3 and // has two invariants of order 3* or 
one invamni of onler S* and the other of order S"''"^ It was proved above 
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that these conditions are also necessary. It remains, therefore, only to ex- 
amine the ease when ^has two independent generators whose orders are not 
powers of the same prime nmnber. 

In this general case, we may Avrite h in the form 3*«j9fi^J« . . . and ob- 
serve that each of the subgroups whose orders are 3"«, ^J»,^J«, ... is either 
cyclic or the direct product of two cyclic groups.* The necessary and sufficient 
conditions that 8^ and s^ can be so chosen as to generate a group which contains 
any one of these subgroups, as H^ have been determined. If these conditions 
are satisfied for each of the given subgroups, we may suppose Si and s^ so 
formed as to generate the group formed by establishing a (3»sjpJ»,jpJ» . • . ) 
isomorphism between the separate group whose A's are powers of primes. If 
they are not satisfied in each instance, it follows from the equation 8^s^»^ = 1 
that there is no group in the infinite system under consideration which has this 
H, Hence this general case is included under the special cases considered above. 

Cornell UNrvERsmr, July, 1901. 



ON THE INVARIANTS OF A QUADRANGLE UNDER THE LARGEST 

SUBGROUP, HAVING A FIXED POINT, OF THE GENERAL 

PROJECTIVE GROUP IN THE PLANE. ** 

By W. a. Granville. 

In the Annals of Mathematics, vol. 12, p. 82, Professor Lovett proposes 
the problem of finding the invariants of a quadrangle under the transforma- 
tions of the six parameter group in the plane generated by the infinitesimal 
transformations : 



% 



xp yp xq yq x'p + xyq xyp + y'q , 



cf df 

This is the largest subgroup of the general projective group in the plane, 
which has a fixed point. The invariants found by Professor Lovett were 

* Cf, Bull Amer. Math, Soc.y vol. 7, 1901, p. 424. 

** Presented to the American Mathematical Society at its meeting, April 27, 1901. 
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On trial it will be found that these functions do not satisfy the differen- 
tial equations of the complete system (6) on i>age 82 : 

and hence cannot be the invariant functions. 
The two solutions of (6) are found to be 



^1 = 



\'j 'J V'"2 *'sJ 



iHQl — Wii,3 >>/02 — '^'01 



_ _ _ _ _ _ ^^^01 - "'04 "'02 - "'03 

and 



(!/i _ //i - //3 \ ///i - .'/4 __ //i - //2 \ 



"'in — "'l3 "*14 "- "'l2 

"" V//i„ — "'i4 ' "'l3 — "*12 



('/} _ //l - .^/A / //l - //3 _ yi - //2 \ 



where m^. is the slope of the line drawn from the point (x,-, y,) to the point 
(xjt, y|.)» the origin being denoted by (Xq, t/^). Hence the theorem : 
If a quadrangle (1234) be transformed hy the Lie group 



XJ) f/p xq ijq X^p + Xi/q Xf/p + //V/ 



the cross ratio of the pencil of lines drawn from ant/ vertex of the pentagon 
(01234) to the remaining four vertices remains constant. 

If the problem bo considered from the standpoint of projective geometry, 
this result follows at once from the well known fact that the cross mtio of a 
pencil of any four concun-ent lines is an invariant under 9itiy projective tmns- 
formation. It is also evident that two of the cross mtios here considered are 
independent. 

Shrffirld Scikstific School of Yale Univkrsity, 
New Haven, Connecticut. 
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SOME APPLICATIONS OF THE METHOD OF ABRIDGED 

NOTATION. 

By Maxime B6CHER. 

!• IntroductiLon. In proving a geometrical proposition by the method 
of abridged notation certain identities, often of an extremely simple character, 
are used, from whose geometric interpretation the proof of the theorem follows. 
It frequently happens that the set of identities we have used in the proof of 
our theorem admits of a second geometrical interpretation, and when we have 
noticed this fact, we have before us a new geometrical theorem which we have, 
so to speak, deduced from the theorem from which we started, or rather from 
our method of proving it. 

To illustrate what I mean by a very simple example, let us consider the 
theorem that the bisectors of the angles of a triangle meet in a point. To 
prove this by the method of abridged notation we indicate the ecjuations of 
the sides of the triangle by 

(1) w = 0, v = 0, w=zO. 

If we suppose that all these e(]uations are written in the nonual form : 

X cos a + 1/ sin a — j!> = 0, 
the equations of the bisectors of the angles will Ik^ 

(2) M — r = 0, V — w = 0, w — u = 0; 
and now the identity : 

(3) (u - v) + {v - w) -f (w - m) = 

shows us at once that these lines meet in a point. 

Suppose, however, instead of inteipreting the equations (1) as the eqiui- 
tions of three straight lines, we regard them as the ecjuations of three circles 
all written in the normal form : 

x^ + y^ -f- «.t- -f 6y -f c = 0. 

(46) 
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Then the equations (2) will represent the common chords of these circles, and 
the identity (3) tells us that these common chords meet in a point. 

Thus we see that the method of abridged notation may be used to deduce 
new theorems from known ones, just as the methods of projection, reciproca- 
tion, and inversion are commonly used. As this fact has, in spite of its ele- 
mentary nature, gained as yet no place, so far as I have found, in even the 
best text books,* I propose to illustrate it here by first reproducing the well 
known proofs by the method of abridged notation of the harmonic properties 
of the complete (]uadrilateral and of Desargues's theorem, and then interpret- 
ing these proofs in such a way as to obtain theorems which, instead of refer- 
ring to rectilinear figures, as did the original propositions, refer to much more 
general curvilinear figures. In doing this I have paid special attention to tlie 
case in which these cuned lines are circles, not onlv because this is the sim- 
plest case, but because the theorems thus obtained are suited to hold a funda- 
mental position, as I expect to show on another occasion, in a systematic 
development of what has been tcnned the Geometry of Inversion.! It must, 
however, be clearly understood that the generalizing process which we use in 
this simple case is not identical with the process of inversion, but that the re- 
sults obtained include as a very special <*ase the theorems which the method of 
inversion would give us. 

2. Rectilinear Figures. Let us denote the sides of a complete (juad- 
ri lateral by the e(|uati()ns : 

(4) a=:(), /9=0, 7 = 0, 8 = 0. 

Dc^notintr the six vertices bv 

(0) {a,^), (y,B), (a, 7), (/3, S), (a,B), (fi,y), 

we will let 

H = represent the diagonal Joining (/8, 7) and (a, S), 

(«) V =0 " '• '" ' " ' (a, 7) " (/9,S), 

w = " '• " '• {a,ff) '• (y,B). 

ft 

* Kxcept in the case where we merely pass from point to line coordinates,— a case which is 
essentially equivalent to reciprocation. 

t Cf. Klein's Erlanger Progmmm (1872), reprinted in English translation and with a few 
additions in the Bulletin of the New York Mathematical Society for J n\y 1803. A German reprint 
with stUl further additions will be found in the Math. Annalen, vol 48 (1893), p. 63. 
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The values of n, v, w, in tonus of a, j9, 7, 5 niay be obtaiiiod Htj followi: : — 
\Vc iiiay write the equation of the diagonal u in either of the furm» 

A;S + C7 = 0, - ua — its = 0. 

If we 80 choo«e the constants a, b, 1:, if that the tii"8t members of these eijiia- 
tions aro equal, not merely proportional, we get the identity : 




(7,) 11 = /,^ + vy = -ua-(n. 

From this it follows tliiit 

f/ff + ilB = -oa- cy. 
If we set this expression equal to zero wc get, as ive see from the left hand 
side, a line Uirough (0, S), as we see from the right hand side, a lino through 
(a, 7). We may therefore write : 
(73) V s f>0 + dB = - <ia - cy. 

Similarly wc get : 
(7,) w = cy + dS = — aa- b&. 
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Finally indicating the lines which join the vertices of the quadrilateral 
with the points of intersection of the diagonals, as shown in the figure, by : 

(8) Ui = 0, 1(2 = 0, Vi = 0, v^ = 0, Wi = 0, 102 = ^1 

we have 

ff^ = V -{- w = — aa -{- (IS, 

1(2 = V — w = 6/8 — 6*7, 

(9) ''i = w -f M = — aa -h c'7, 

V2 = (C — n = clB — /y;8, 
tCi = */ -f t* = — aa -{■ h/S, 
tC2 = f( — V = t'7 — (IS. 

From these formulae we read off at once the harmonic properties of the 
complete quadrilateral, for instance that the two sides a and 13 are separated 
hai-monically by the diagonal w through their point of intersection and the 
line tvi which joins their point of intersection with the intersection of the two 
other diagonals (cf. (7^) and the fifth formula (9) ). 

We may add that formulae (9) also show that the six lines (8) pass three 
by three through four points, thus forming the sides of a complete quadrangle. 

We pass now to Desargues's theorem : — 

7j^ two triangles are so situated that the points of intersection of corre^ond- 
ing sides are collineary then the lines joining co)*i'esponding vertices are (^ncnr- 
rent. 

To prove this theorem we denote the sides of the first triangle by : 

(10) Mi = 0, U2 = 0, ws = 0; 
the sides of the second by : 

(11) vi = 0, t'2 = 0, l'8 = 0. 

The line on which the i)oints of intersection of corresponding sides ]^ 
may be represented by an e(|uation in any one of the following forms : 

aiUi -f- biVi = 0, ^2^2 + ^«v« = 0, ajMs + b^v^ =z 0. 

Accordingly, by properly choosing the constants, we can make the first mem- 
bers of these equations identically equal : 

(12) aiUi -f biVi = Oji/j + 62^2 = «s«^8 + *8^8- 

From this we get at once the following three identities : 
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(13) lOi = a^U^i — ^8^3 = — 62^2 + ^3^3' 

From these identities we infer that the eijuations : 

(14) '^1 = 0, w^ = 0, /r3 = (> 

represent the lines joining corresponding vertices of the two triangles, and 
since 

(15) IVi + U\2 + «^3 = ^^ 

these lines are concurrent. 

3. Generalization to Circles. Let us now tiy to inteq)ret the an- 
alytical work of the preceding section on the supposition that the ecjuations 
there used represent not stmight lines, but circles. 

We begin with the theorems about the complete quadrilateral. 

The figure formed by four circles, no three of which meet in the same two 
points, we ^vill call a complete circular quadrilateral, the circles (4) being the 
sides of the quadrilateral and the six pairs of points (5) being its six fiets of 
vertices. These latter arrange themselves in pairs of opposite sets of vertices. 
The equations b/3 -{■ cy = and — rta — rfS = now represent circles through 
the pairs of points (/8, 7) and (a, B) respectively, but it will not be possible 
in general to make these two circles coincide, since a circle cannot in general 
be passed through two pairs of points. 

In order that our analytic work be applicable to this case it is therefore 

necessary that the four points (/8, 7) and (a, S) be concyclic (i. e. lie on a 

.circle). This circle will then be represented by the equation ?^ = (cf, (7i)). 

From this equation we infer as before that v = and w = (^y. (T^) and (73)) 

represent circles through the two pairs of [)oints (a, 7), (^, S) and (a, /8), 

«^, S) respectively. We thus get the theorem : 

J^ in a complete circtdar quadrilateral two opposite sets of vertice^s are con- 
cf/dicy the same will be tnce of each of the other imirs of opposite sets of ver- 
tices. '* 

If a circle passes through a pair of opposite set*} of vertices of a complete 



* Another form of statement for this theorem which brings it into relation with Desargues*s 
theorem is the following, in which we denote the figure formed by two circles as a crescent, the 
two circles being the sides and their points of intersection the vertices : 

If two crescents are so situated that their vertices are concyclic^ the points of intersection oy 
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circular quadrilateral, we will call it a diagonal of this quadrilateral. Wc 

limy then state the last theorem as follows : 

If a complete cinmlar quadrilateral has one diagonal^ it has three. 

We will recall here two terms which we shall find it convenient to use. 

a!?| = and aS'^ = being any two given circles, we call the simply infinite 

family 

(16) Ari/S'i-f ^8/^2 = 

2l pencil of circles ; and we use the same term for a finite number of circles of 
this family. Similarly Si = 0, aS^ = 0, aS's = being any three circles which 
do not belong to a pencil the doubly infinite family : 

(17) kiSi-\-k^8i-\-k^S^ = 

we call a net,* 

We now infer at once from fonnula? (7) : 

A necessary and sufficient condition that a complete circular quadrilateral 
have diagonals is that its sides belong to a net. If this condition is fulfilled^ 
the diagonals belong to the same net. 

Under these conditions any two sides of the quadrilateral (as a, /8) and 
the two diagonals which do not pass through the intersections of these sides 
(as M, v) form a complete circular quadrilateral whose sides belong to a net 
and which therefore has diagonals. Two of these diagonals are the other two 
sides (7, h) of the original quadrilateral, but the third is the circle {w{) 
through the points of intersection of a with /8 and of u with v. Similarly we 
obtain the other circles (8). 

By the cross ratio of a pencil of four circles we shall understand the cross 
ratio of the pencil of tangents at any one of their points of intersection. f With 

corresponding sides {the correspondence being taken in either one of the two possible ways) are also 
concyclic. 

Still another form, in which, however, only half the theorem is explicitly stated, is the 
following : 

Through each of the sets of vertices of a circular triangle a circle is pcused. If these three 
circles meet in a first pointy they will meet again in a second point. 

As thus stated the theorem is seen to be identical with the generalization by inversion of 
the theorem that the common chords of three circles meet in a point. 

* We mention in passing that such a net consists of all circles which cut at right angles the 
common orthogonal circle of 8u <%! ^s* Cf for instance Casey's Analytical Geometry^ p. 107. 

t Or more generally the cross ratio of the pencil formed by the polars of an arbitrarily 
chosen point. This more general definition is necessary if the circles of the pencil touch each 
other. 
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this definition it in readily seen tliat a necessary and sufRcient condition that 
the circles ^i and S^ be divided harmonically by -Si + X Sj and i^i + fi S^ is 
that \ = — fi. We thus obtain, precisely as in §1, the harmonic properties 
of the complete circular quadrilateml, of which the following is typical : 




In a vomphte turcular quadrilateral whose sulen belong to a net, aui/ two 
Kiilen ai-e divided harmoiiicalli/ hy the diai/onal through their points of inter- 
section, and the circle thivugh their poinlt of intersection and through the 
point!* of intersection of the other two diagonals. 
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We leave U) the reader the extension of the theoi-eni that the lines (8) 
fomi a I'omplete quadrangle. 

Up to this point all the eireles we have used have belonged to a single 
net ;* and it might seem at first sight as though the method we are using must 
necessarily always give us theorems which involve only cin»les of a single net, 
since the straight lines fnmi which these circles were obtained themselves fonn 
a net. This, however, is not the case, as the extension of Desargues's theorem 
will now show. For although any four lines of the plane are connected by a 
relation of the fonn aa + b 13 + cy + d S = 0^ it is not at all necessary that this 
relation be involved in the fonuulte we use in i)roving our proiK)sition, as is 
shown by the proof we have given of Desargues's theorem, f 

Turning now to the i)roof of Desargues's theortMu given in §1 we have to 
consider two circular triangles (10) and (II ). We undei-stand of course by a 
ciivular triangle the figure formed by three circles which do not fonn a {)encil. 
Such a triangle has thrive sides and three jiairs of vertices. The analysis of 
§ 1 then gives us the theorem : 

If two rircidar triangles are so situated that the three pairs of points of 
intersection of correspond iny sides are concf/clir^ then ant/ pair of vertices of 
the first triangle and the corresponding pair of vertices of the second arecon^ 
f'f/rfic,X d^id the three circles thus determined form a pencil. 

Th(» ten circles involved in this theorem do not necessarilv all lx»lon": to 
a net, since the thi'ee sides of the first triangle and one side of the si»cond may 
Ih» arbitrarilv chosen. 

4. Curves of the n-th Order. We will now regard the equations 
from which we started as representing plane curves of the nth oi*der instead 
of straight lines as in §2 or circles as in §3. We will s{)eak of jiencils and nets 



* In fact our formulie practically establish a one-to-one transformation of the straight lines 
of the plane into the circles of a net, and therefore a one-to-two point transformation (a point 
deterinineil by two straight lines into the pair of points determined by the corresponding cir- 
cles). Such a correspondence can easily be established geometrically by projecting the plane 
from an arbitrarily chosen point onto an arbitrarily chosen spherical surface, and then pro- 
jecting back stereographically onto the plane. 

t A dlflerent proof of this theorem which does not have this advantage is given in Salmon's 
Conic Sfrtiuiis^ p. 59. 

X This first part of the theorem does not go beyond what we have already proved, since 
two pairs of corresponding sides of the triangle form a complete circular quadrilateral lying 
wholly in a net. 
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of curves of the nth order, using the words in the ordinary sense similar to 
that explained for circles in §3. We will speak of four curves of the nth 
order, no three of which form a pencil, as the stdei< of a complete curvilinear 
quadrilateral.* Each pair of sides of this quadrilateral determines a pencil, 
and if the pencils detennined by two opposite pairs of sides have a curve in 
common, we will speak of this curve as a diagonal of the quadrilateral. For- 
mula? (7) now establish the following theorem : 

A necessary and sufficient condition that a complete c^ii*vilinear quadri- 
lateral have a diagonal is that its sides belong to a net^ and if this condition is 
fulfilled^ it has three and only three diagonals which also belong to the net. 

Let us now consider the pencil of four curves 

The linear polars of any point P of the plane, excluding possibly certain ex- 
ceptional positions for P, are easily shown to form a pencil, and the cross ratio 
of this i)encil is seen to be independent of the position of P and to have the 
value \/fi. This quantity we will speak of as the cross ratio of the pencil of 
curves. t In particular we may in generalj take for Pa point of intersection 
of the cuiTes, in which case the cross ratio of the pencil of curves is given 
by the cross ratio of the pencil of tangents at this point of intersection. 

If X = — /A we say that the curves i% and /S^ ^^^ divided harmonically bj*^ 
the other two curves. 

Formula} (7) and (9) now give us a number of theoi^ems concerning the 
complete curvilinear quadrilateral, of which we state the following one : 

If a complete curvilinear quadrilateral is formed by four curves of a net^ 
any two sides a^ fi of the quadrilateral are divided harmonically by the diag- 
onal belonging to the pencil (a, /8) and thecurve cotnmon to the pencil (a, /8) and 
the pencil dete7*mined by the other two diagonals. 

The extension to this case of the further theorems contained in §2 we 
leave to the reader. 

* Such a quadrilateral has in general six sets of n* vertices each. In case some of the 
sides are reducible curves two sides may, however, have a whole curve in common. For this 
reason we have avoided speaking of vertices in the text. 

t If instead of considering the linear polars of P we consider the polars of any order, it 
is clear that these will also form a pencil having the same cross ratio as that of the original 
pencil. 

X Provided, namely, there exists a point of intersection where neither Si nor S^ has a 
double point, and where these curves do not touch each other. 
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5. Extension to SurfiftOeB. It is hardly necessary to do more than 
mention the possibility of interpreting the analysis of §2 on the supposition 
that the equations there used represent surfaces in space instead of lines or 
curves in the plane. Thus, for instance, if we regard the equations as repre- 
senting spheres, the formuke concerning the complete quadrilateral in §2 give 
us ceiiain theoi*ems concerning spheres which have two points in common, 
while the proof of Desai^es's theorem gives us a theorem concerning ten 
spheres which cut a given sphere orthogonally. The statement of these theo- 
rems and of similar theoi'ems concerning surfaces of any order presents no 
difficulty. 

Even without changing the degrees of the equations we use, the method 
here considered gives us the means of transferring theorems in plane geometry 
to the case of three dimensions. The theorems of §2 are too simple to give 
anything interesting in this way ; but it will be a good exercise for a student 
to transfer by this method to quadric surfaces the theorem that if three conies 
have double contact with a fourth, six of their chords of intersection pass three 
by three through four points , using for this purpose the proof by abridged no- 
tation given in Salmon's Conic Sections, p. 243. 

It will be seen that examples of cases to which our method applies can be 
multiplied indefinitely. We have confined ourselves here to a few of the very 
simplest illustrations. 

HaBVARD UNIVERfilTY, 

November 1901. 



ON THE ROOTS OF FUNCTIONS CONNECTED BY A LINEAR 
RECURRENT RELATION OF THE SECOND ORDER.* 

By M. B. Porter. 

At the close of his first memoir on homogeneous linear differential equa- 
tions of the second order in the first volume of Liouville's Journal, Sturm re- 
marks that results analogous to those obtained for the differential equation 
were first discovered by him while considering solutions of a homogeneous 
equation in finite differences of the form, 

( 1 ) J^n //n +1 + 3f„ y„ + ^V„ y„_ 1 = 0, 

when //, M^ and iVare functions, subject to certain restrictions, of the posi- 
tive integral index n and a variable parameter, and that it was while prose- 
cuting this inquiry that he discovered his famous theorem concerning the 
isolation of the roots of a polynomial. By passing from the discrete index n 
to the continuous variable x, Sturm first arrived at the theorems for the differ- 
ential equation in the paper referred to. This earlier method of dealing with 
the problems solved by Sturm was perhaps regarded by him as merely heuristic, 
or at least as less elegant than the methods finally employed, and his earlier 
researches were never published. 

Characterizing a sequence of real functions yo» .'/i» • • • .'/»» *^ 8lurmian^ 
when the difference in the number of variations of sign in the sequence for two 
particular real values of the argument is equal to the number of real roots of 
y^ in the interval delimited by them, it is certain that Sturm determined at 
least one simple sufficient condition to which a sequence must conform in order 
that it may be Sturmtan, and that he investigated the inverse problem of con- 
structing such sequences by means of a recurrent relation of type ( 1) . Looked 
at from the standpoint of the recurrent relation, solutions of (1) enjoying the 
Sturmian property may be called Sturmian sohitions; undoubtedly Sturm 
discovered many properties of such solutions. 



* Read before the American Mathematical Society, February, 1901, under a different title. 
t This adjective is here nsed in a more general sense than in the ensning sections. Cf. 
the definitions there given. 

(66) 



5« 



1H>UTER. 



It is our piiri)O80 in the first five sections to reproduce in part these 
unpublished theorems and in the hist section to show how, by me:ms of the 
Cauchy-Lipschitz theorem for the existence of solutions of a differential equa- 
tion, it is possible to establish rigorously the analogous theorems, so far as they 
exist, for the homogeneous linear ditterential equation of the second order. 
As has already been stated, in this case the Index n is replaced by the inde- 
pendent variable and the variable parameter either figures in the differential 
equation it^self, or in the arbitrary parameters of integration, or in both. 

In conclusion it may be said that it is highly probable that Sturm consid- 
eivd a somewhat more geneitil difference equation than (T) of §3 and so 
arrived at criteria of a more general character. This point, howerer, I hope to 
consider elsewhere. 

1. Sturmian Sequences in Cleneral. We begin by considering a 

series of functions 

y«(**)* !/n-i{^') M-^) 

of the nnd variable .e\ ivaK single valued, and analytic in an interval .r© — •** = ^i-^ 
.1. // is fitrfAer sftppo^^eti that for no poinf qffhh'i interval is yo(') ^'«/ 'o 

It will U* iHunenient to employ the following graph in considering tlie 



B-. 




aU>ve stHpieuiv. The oniinate # /^, repre^s^^nting y,- in uiagnilude and sign, the 
abt:>i*is^« Oi may ii>uveuiently bi^ taken tH]iial to the index /. In the graph just 
vleMTibeii, the iutersei'tions of tht* broken line B^Bi . . . . B^ with the ^'^axis, 
which wo shall i*aU ^^-points^ iH>rres|H>nd to the mriaiitms #>A<-iV/» in the .s*H]uenci? 

If now we supjKKs^* the jmnuueter x to vary ix>ntinuoiL$ly, this broken line 
will uudergv> a continuous deformation, the [¥>int B^ remaining always above 



• Ttir\>ti;^^>at the iv?^ of thi* vp^t w^ s^ball suppose Ihal tlie 



jr is cooltBed to such 
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the origin, while the i;-points are displacH^d in a manner which will depend on 
the particular functions yi, . . . //„. It is evident that at least one variation 
will be lost or gained when y„ changes sign. The vanishing of an intermedi- 
ate y can cause the loss or gain of a variation only when B^Bi , , . , B^ is 
defonned in such a manner that, when a given // vanishes, the adjacent y's 
have the same sign, or one of the adjacent //s is zero. In order that the 
nmnber of variations of sign in the sequence yoi yi> • • • • ^n should change as 
.*• varies from Xq to x^ onltf when //„ changes sign, it will be sufficient^ if we 
impose the condition : 

B, iVb two ronseaftive j/s can vanish for the same value of x^ and when 
any intermediate y vanishes the adjacent //.s have opposite signs, 

A series of functions of the kind si)ecitied, i, e, fulfilling Conditions A and 
B^ are said to fonn a (feneratized iStftrniian se(]uence.* 

Let us now consider what furtiicr restrictions must be imj)osed on our 
secjuence in order that it should lose a variation each time y„ vanishes. Let 
x' be a value of ;>• for which y„ = 0. The sequence will lose a variation as x 
increases through the value x' when and only when y„ and y„_i have opposite* 
signs for values of x a little smaller than x' and the same sign for values a 
little larger, /. e. when 

x^x y„(a;^- Ax-) ^ ^^ ^ y,,(.g^-f Ax) /Ax = a sufficiently small \ 

//n-l(^' — ^^0 "^ /Ai-i(^' H- Ax) \ positive quantity. J 

From (2) we see that yjl/n — i is increasing with x at the point x\ and there- 
fore we have as a consequence of (2)-: 

On the other hand, if a variation is to be gained : 



Idx \yu^lJja: = x' 



We shall treat explicitly only the case when variations are lost as x increases. 

It is to be noted that condition (2) is more general than (3) and that we 

c«,nnot pass back to (2) except when the inequality sign holds. It is thus a 

♦ Cf. Netto, Algebra, vol. 1, p. 238. 
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sufficient, but not a n««.-eiMir%% condition for the lo84 of a variation that* 

When thhi cijndition \» fuliilled 2ls well an conditions A and B, the sequence 
iH called a Hturmian sequence. f It should be noted that condition (4) makes 
it impossible for y. to have a multiple root in the inten-al (x^ x{) considered. 

Starting with a real polynomial which has no multiple roots in (z^, X|) 
and choosing ifn-\ = y«« Sturm's modified algorithm of the Greatest Common 
Divisor lc;ads to a se^|uence posses?$ing these properties, the ordinary Sturm's 
Functions of tc^xt books on the Theory of Elquations. 

2. The Difference Equation. If y^ denote a function of the inte- 
gral index n, where we shall always suppose 7i to denote a positive integer or 
>Mfro, //, is said to satisfy a homogenemis linerrr rpj-iirrent relation of the second 
order if w<*-lmvc for all values of w, 

where L„, J/„, and N^ denote functions of the index u. We will assume in 
what follows that none of the functions />„ is zero. 
If we write 

yn+2 "~ yii+1 = ^yii+i» 

ai»d %«+i - Ay- = A^y^, 

relation (1) may Ik» written in the form of a difference equation 

L; A*y, + .If; Ay, + W^ y, = 0, 

a fonn cntircl}' analogous to that of the homogeneous linear differential equa- 
tion of the second order. We shall however employ this equation only in the 
recurrent form. 

If to yo and yi be assigned any values we choose, J all subsequent y's are 
uniquely determined by means of (1), since we have assumed that i„ does 
not vanish ; so that (1) may be said to have oo' solutions. 

If yJJ^ and y{f^ denote any two solutions, then, CiyJ,*' + 0^2 yjf* i^ also a 

* If multiple roots are excladed (4) is of course as general as (2). 
t C/. Weber, Algebra^ vol. I, p. 272 (Ist ed.). 

I This is analogous to the determination of a solution of a differential equation of the sec- 
ond order by its value and the value of its derivative at a given point. 
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solution.* y}J^ and yj?^ are said to be linearly dependent if a relation of the form 

C^iyi'^+ G^yT = 0, t = 0, 1, 2 . . . n 

exist between them, where the (7's denote constants. 

We will now establish the theorem : 

The necessary and sufficient condition for the linear dependence of two so^ 
lutions y{;^ and y** is 

(5) ■ //i" yr - .yf yi" = 0. 

For if y},*' and //}f^ are linearly dependent, we have : 

,., Cxyi,"+ Csyr = 0, 

^^ C, y,'> + C, y<,« = 0, 

where Gi and G^ arc not both zero, and therefore (5) is fulfilled. 

Conversely, if (5) is fulfilled, there exist two constants Gi and G^ not 
both zero which satisfy (6). Now if we have : 

Ciyi?'-. + Csyf_, = 0, 
then by equation (1) we have at once, 

Therefore starting from (6) we see that: 

C^y;|>+ C^tn=^ (n=2, 3, 4, ). 

If then yJl^ and y}?^ denote any two linearly independent particular solutions 

and y„ the general solution, and if we detennine Gi and G^ by means of the 

equations, 

//o = C'l y{,»' + C%y{?', 

then !U= C^y^' + C7jy»> (n = 0, 1, 2, 3 ) 

t. e. any solution can be expressed linearly in terms of any two particular 
linearly independent solutions. 

In the next section we ahall be mainly concerned witli a recurrent rela- 
tion of the fomi, 

(1') !/n+l+ (^„!/« + yn-l = 0. 

* Analogous to the two arbitrary constants in the general solution of a differential eqaation 
of the 2nd order. 
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Ivjuation (I) iiuiy be reduced to thL^ form by the change of dependent TmrimUe 






!/m = ^m^w 



If now we determine ^- bv the recurrent relation 

we get an e^^uation of the desired form^ where e^ and e^ may be chosen at 
pleasure, >aibjei't merely to the restriction that they do not punish, and 



"-tn = 



^'ln — 1 -VU — f 



^v, 
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3. Sturmian Sequences satisfying a Recurrent Relation of 

Type (1)- We 8hall now consider a sequence^of functions y,(ii = 0, 1, . . n) 
/^tisfying a relation of the form, 

in which L, J/, and ^V are functions of the index n and are real, single valued, 
and analytic functions of a real variable x in an inten^al otq = ^ = X]. If, as 
we shall assume to be the case, L^ {x) does not vanish in this interval, y^ and 
all y's of higher index will be determined as real single valued anah'tic ftmc- 
tions of x in this inten'al as soon as y© *"<! //i *^re assigned as arbitrary real 
analytic functions of x, 

r^et us now choose //o so that it will not vanish in the interval (xq, x{) and 
seek to determine what conditions may be imposed on i, 3/, N^ y^^ and yi, so 
that the sequence yo» yi» • * Un shall form a Sturmian sequence. To ensure 
that no two consecutive ys shall vanish for the same value of x and that, when 
any // vanishes, the adjacent y's shall have opposite signs, it will be sufficient 
if we suppose that )U)t only L hut also If does not vanish in the interval (a?©, x^) 
and that these functions have like signs ^ i. e. that L2f\Q always positive. If 
these conditions ar(» satisfied, the ?/s form a generalized Sturmian sequence. 
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To determine a suflScient condition that 

d 



rf (J^)1 > 0, 



when x' denotes a root of y„ in the interval {x^y Xi), we shall suppose (1) re- 
duced to the fomi (1') by the transformation (7) of §2 and consider the equa- 
tion as given in the form, 

when evidently the condition LN>0\s fiilfilled.* The relation between 
z^ and y^ (§2) shows that, under the restrictions placed on L and N, z and y 
vanish together. 

Let X take the positive increment A.t, and let us wTite y,(if + Ax) = y,-, 
etc. Then (1') becomes 

yn + l + (^nVn + y„_l = 0. 

So that, when y„y„ is not zero, we have, since y^^x) ii : 

A?^ = 2^^-2^ = J- [(_ G„ + G„)y„y„ + y„y„_, -y„y„_ ,] 
y« y„ Vn y„y„ L J 

y«yn L 1 \?/q yo/ J 

Since all the y's are continuous, we can, for a given value of x, take A a: so 
small that 

ymym ^ ^K w = 0, 1, 2, . . . n. 

Let us now impose the restrictions : 

m = 1, 2 . . . n. V .To ^ X ^ X'l 

where, if the equality sign holds in 2°, we require either that there be two suc- 
cessive relations 1° where it does not hold, or that it does not hold in the last 
relation 1°. 

♦ It may be remarked in passing that this transformation is unnecessary if N/L Is inde- 
pendent of X. 



J 
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I 'wU'f tli<-#' I'in'iiiristanrcs a f|iiaiitity 3i'aii be found such that, if y«(3c) :^0, 

A -^^^^ > when Ax < 5- 

//n 

TliiH //„ ^ ,///„ will then increase continually with x from — x to -h ao in every 
inU-rval of fr^,, Xjj dcliniited by two consecutive roots of y^ix)* Since the 
//s arc analytir functions of x, the limits 

ii,„ . A y- / , ii„, _^ 

exist and wc have, 



'f < 



riic r(Midition.H 

V G[jx) ^0, 



2^ C^') ^ 0, 
\!/J 



w^ = 1, 2, . . . n 



(he rent rirt ions abov(» stated as to tlu» simultaneous presence ot equalities in 1' 
and 2" holdin^r, yield at once the ine<|uality 



C'/,! ') '" '' " ^' •''" * ^' 



when .1' is .supposed to lie in an interval included within an interval delimited 
by two conH«MMitive roots of //„. Thus, if conditions 1° and 2° are fulfilled, the 
liinclioMs //(h//|,//j . . . //n form a Sturmian sequence. We may call such so- 
lutions St linn inn Hohitlims, 

Let us now consid(»r tlu» casr in which (^^r,, and y ///o ^I'd'^al analytic func- 
tions ot'sfvenil piinnnet(»rs .I'l, .r^, ... in the intervals 

We will iiMsume that tlhvsr functions siitisfv the conditions 

ft 

< '**i m = 1, 2, ... /J 

r / i/y\ 1 ^= 1, 2s, ... . 

J / ( *^M a; 0. 

Let us lirst consider the cuso in which there are only two |ianunetei*s jTj, .i*^'^*^^ 
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ask ourselves how the roots of i/n + u regarded as a function of x'^, vary with x^. 
It is clear that these roots are continuous (in fact analytic) functions of oc^ which, 
since they are never multiple roots, can cease to be real only by disappearing 
at one end of our intenal. The (|uestion is whether they increase or decrease 
with x^. To settle this question we notice that, .t'l, x.2 being a j)air of values 
for which y„ :A 0, the function yn-}-i/y„nuist, according to what Ave have proved 
above, increase when Xi or ux* or both increase. If then aj, xl^is n. pair of values 
for which f/n-^i vanishes, and if starting from these values, we wish to change 
x*i, x'2 so that f/n + i retains the value zero, we must increase one of them and 
decrease the other; /. e, if we regard y„^i as a function of Xj, its roots decrease 
as X2 increases. 

Coming back now to the case in which there are more than twopammeters, 
we will assign to all but two of them fixed values. Then by appl^^ing the re- 
sult just obtained we get the theorem : 

If ifni^^v »^8 • • •) ^^ regarded as a function of the variable x,-, the roots of 
y„ xoill decrease with the increase of the other parameters, 

4. Theorems concerning Sturmian Solutions. We have seen 

that, if y„ denote a Stumiian solution in a certain interval, then y^ has no mul- 
tiple roots in this interval and that ifnlVn^x increases continually from— 00 to 
+ 00 in any interval delimited by two consecutive roots of yn-i« Similarly, 
it is seen at once that (y„ + //„ y„ _ i)'/yn - 1 will increase continually from — x) 
to -f 00 in this same intei^val provided that 

A similar extension can of course be given to the last theorem of §3. From 
the foregoing we can now deduce the following theorems. 

Theorem 1. A variation ivillbe lost In the sequence yoi^u • • • ifn^^^^^'^^' 
ever y„ vanishes. 

Theorem 2. Tlie roots of yn ^«''<^//w-i separate each othei\ or more gen- 
erally the roots of y^^ Hniln^i ^'^^^ Un-x separate each other provided that 

For, since yJi/n-i increases continually from — qo to + <2c in any inter- 
val delimited by. two consecutive roots of y„_i, the function y^, which has no 
multiple roots, will vanish once and only once when x increases through this 
interval. 
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Theorem 3. If y^n ^'^^ V^n denote any two linearly independent solutions 

of (1'), then ifi^)) > andl^A > 0, tkeroots ofy^^^ and yJJ^ will separate 

each other. 

From (1') we have 

where, by the hypothesis that yjj^ and yjf^ are linearly independent, (7 must be 
a function of x which does not vanish in the interval (Xo, a:,). Further, since 
C{x) is continuous, and thus cannot change sign, we may suppose C{x) always 
positive. Let x^ and x^ denote two consecutive roots of y^^K By Theorem 2 
this interval contains a single root of yJ^^Li ; hence, since 

and y'„"(i«) yT-x{^i) = 0(^) > 0, 

it follows that yj," vanishes at least once in the interval determined by two con- 
secutive roots of y^'. Similarly, y}f' vanishes at least once in an interval de- 
termined by two consecutive roots of y"\ and hence the theorem. 

Let y}," and yjf' be any two linearly independent solutions, and let us de- 
note by y„ the solution 

y« = ^yl." + yl.^' 

where « is a parameter. Then we have 

y,. ^ gy';;' + y!." 

y„_i zy„'i!i + y,S!Li 
'"' "'^L . - yi?'y;,"_ , yl,'»yl?' /yj" y^ 



an 



H f-fJl±-\ = ■yn"y;r'-i-.<'y;."-i _ y^yb^' /yr _ yr\ 

a Ay„ - J (2y',.'L 1 + ySfL i)* (zy<,'L , + y|?L i)« W' yg">' ' 



Thus yjyn-i increases continually with z between any two consecutive roots 
of yn_ii if yi^Vyi*^ > yTh/o^* If ^ decrease from a very large value to a very 
small one, y„/yn-i> starting from a value as near y»Vy»Li as we please, will 
approach y^nh/n^i *s its limit, and the v-points of y„ . . . yo will, starting 
from coincidence with those of yiJ^ . . . y'^\ all move in the same sense into 
coincidence with those of //if . . . y\^\ Since y„ always remains linearly inde- 
pendent of yS/^ and y^\ a y-point of y,j • • • yo could not come into coincidence 
with one of y'„^' .... y{f\ If yi'Vyi^^ < yi^/y^o we can reason in the same way, 
and thus we get 
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Theorem 4. If y^n (ind yjf^ denote any two linearly independent solutions 
of {•^) such that y^^^ and yl;^ do not vanish, no restrictions 05 to continually in- 
creasing or decreasing being imposed on Gn{x)y the v-points of the series 
yn^ • • • yo^ ^^^ ^f y^n • • yi'* '^'^^ altenuUe, i. e. the mimber of variations in 
the two sequences will differ at most by unity. 

Theorems 3 and 4 are analogous to well known theorems of Sturm for the 
linear differential equation of the second order. Theorems 1 and 2 seem to 
possess no analogon for the differential equation. 

The analogon of Stunn's Tlteorem of Oscillation may be stated as follows. 

Theorem 5. If G^^x) contimially increases with x and is such that 
G\,{Xo) ^ L^ and GjXi) ^ - 3P (w= 0, 1 , 2, , . .), and if L^ and 3P are 
sufficiently large, there is one and only one value of x{^Xq ^x ^ x{) such that 
V The number of variations in the sequence yn^yn-iy • • • yi ^•'^ equal to an 
assigned integer r (r not greater than ;/ — 1) arid such that 

r -4^ =a 



yn-i(x) 



a and a' being any a^nsigned real constants. 

The proof is inmiodiatx*. We nok' that, if in the equation 

we take (7 as a sufficiently large positive constant, the sequence y„, y» _i, . . . yi 
will present n — \ variations of sign and if (7 is a negative constant of suffi- 
ciently large absolute value, this sequence will present no variations of sign. 
Thus if L^ is sufficiently large, the se<iuence y^, y^* • • yn will present n — 1 
variations of sign. As x increases from Xq towards Xi GvfiW decrease and a 
variation will be lost every time y„ vanishes ; further since the roots of yn—i 
sej^^mte those of y„ and in an interval delimited by two successive roots of 
yn — u yjyn^i increases continually fnmi — » to + ao with the increase of 
X, yn/yn^i I^asses in every such interval through any given value, as /8, once 
and only once. This proves the theorem. 

5. Some ApplicatioilS. As examples of sequences which fall at once 
under the conditions of the preceding sections we will cite fii*st the 
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Zonal Harmonics : 

Po{x)y l\{,i:), .... J\{.f') ; wheiv /^y = 1 and I\ = x, 

while the recurrent relation is 

(n + 1)P„ + , = (2« + 1) xP„ - nP„_i. 

Since Ln and ^V„ do not depend on x, the conclusions of §3 are valid and we 
liave, the interval (Xq, X|) extending from — oo to + x) , 

1° The se(]uence 1\ . , , Pq is Sturmian ; 

2° The roots of P„ and P„ _ | separate each other ; 

3** Pn has no multiple roots. 
From 1° it follows that all the roots of P„ are real.* 

LommePs Function : R'^'"^(x)y defined as follows, 

where the e/'s denote Bessel functions, affords a second example. 

Herei?"'®(x') = 1 and7?"'^(.t') = 2(n + 1)/.^, the recmrent relation beingf 

(10) i2"."' + i(a;) = 2 ^^^ + ^^^+ ^) j?^«>^^>(x) - R^'^^-^x), 

X 

so that, if n > — 1, the conditions of §3t are fulfilled and i?**'^ i?"-^, . . . R^*^ 
fonn a Sturmian sequence. The roots of i?*'"* and /?»•"» "^ are all i^eal and 
alternate and increase with the pammeter n. 

Even if ?i <•— 1, if n 4- m < 0, the conditions of §3 and the conclusions 
from them hold. 

The conditions at the end of §3 also have place for (10) if n + 7h < and 
X be changed to — x^ so that, ifn he increased^ the roots of i?"''*(— a:) = 
decrease; i. e. the roots of i?'**"* (x) = increase with n. 



* These theorems may be obtained by making use of the relation 

which shows that, if | x | < 1, P«P„_i > 0, when P» = (conditions on p. [67]). C/. Weber's 

Algebra^ vol. 1, p. 277. 

t Cf, Graf and Gubler's Einleitung in die Theorie der Bessehchen FunctioneUj vol. 2, p. 102. 

X The inequalities 1^ and 2^ of p. 62 are here reversed, but Theorems 1, . . .5 still sub- 
sist If we replace the word lost In Theorem 1 by gained and reverse the Inequalities In Theorem 3. 
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As a final example we may consider the partial numeiutors and denom 
inators of the convergents of the continued fi^action 



when the a's are all positive or all negative and the ys are positive functions 
of the index n. Denoting the partial numerators and denominators by y„ 
and yn respectively we have 

!/o= li //i = aiiC + ZS, 

J/o =0, yi = 1, ya = a^x + fi^. 

Thus the conditions of §3 are fulfilled and y„, f/n-i^ • • • - Vo {or 
Vn^Vn-i , . . . . i/i) form a Sturmian sequence, all the roots of i/n{}/n) 8»re 
real and are separated by those of y„ _ j (y„ _ j) . * From the relation 

— — n 

yn^n-l - !/n!/n-l = H 7„ 

we also infer that the roots of y„ and y„ separate each other, i. e. the poles and 
zeros of yji/n alternate. 

By §3 we conclude that the absolute values of the roots of //„(a;) = 
(yii (^) = 0) decrease with ar{r ^ n) if the a's are positive, and increase with 
the a's if the a's are negative. 

The foregoing is the simplest type of continued fraction which satisfies 
the conditions of §§3 and 4. 

The general type suggested by §3 is 

<po{x) — 



<f>i(x) - <f>^(x) - . . 
where <f>n{x) > 0. 

6. The Limitmg Case of the Differential Equation. To show 

that under certain restrictions, to be hereafter given, the difference equation 
goes over into a differential equation as its limiting form we shall need the 
following 

* This result has been established by Sylvester, Philosophical TransactionSf vol. 14, part I. 
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Lemma. If f{x) denote a single valued function of the real variable x 
possessing finite first and second derivatives in the interval (a^,, x^) then* 



lim n^ + 2g) - 2/(x + g) +/(«:) _ .„ 
<=o S* ~'' ^ >' 



Xti < X < X\ • 



8« 
Consider now the difference equation, 

(11) /n + 2+ ^-n/n + l+/n = 

and let 

fn = /(« + ^S), 7iS = X — a, 

then (11) may be written 

^ f 82 "" "" V — S2 — y^« + i 

If then we suppose that 

lim ^ + ^n _ (:i(rg.\ 

equation (11) will go over into the differential equation : 

f\x)=-G{x)S{x). 
Conversely, if we have a differential equation in the form 

(13) y"=G{x)ij 

the Cauchy-Lipschitz existence theorem for solutions of differential equationsf 
shows that, if G{x) is continuous (not necessarily analytic) in the neighbor 
hood of a, we can find a solution of (2) having the arbitrary boundary values 

(14) y{a) = ci, y\d) = c^ 

by regarding (13) as the limiting form of a difference equation. In the proof 
as usually presented (13) is replaced by the simultaneous pair of equations of 
the first order 

p' = ^G{x)j/ 

which are regarded as the limit of the difference equations 

♦ Cy., for example, Harnack, Elemente der Differential- uiul Integralrechnung, p. 66. 
t See for instaoce Plcard, Traite d' analyse, vol. 2, p. 291. 
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Here we must let 

By ineaus of the two e(|iiations of (14), all //s andy>'8 of higher order can be 
computed, and the Caiichv proof shows that 

Imi //„ = // ( x) , lim p„ = // '(x) 

where f/{x) is a solution of (13). 

The upper limit for /iS = | a* — rf | postulated in the classic proof is m gen- 
eral much too small. Picard and Painlevi* have shown that the Cauchy solu- 
tion will be convergent throughoutthe whole interval 6^61 (bo < a < 61), in which 
y(x) as well as G(x) are continuous and that the convergence is uniform over 
every tract within this interval. Moreover, since we are dealing with a linear 
equation, the inteiTal throughout which // is continuous will be at least as great 
as the interval throughout which G is continuous, f 

It is well known t that no solution of (13) can have a nmltiple root at a 
point of the interval just considered. From this it follows that there cannot be 
two distinct solutions of (13) satisfying conditions (14), since their difference 
would have a multiple root at a. On the other hand it is cle^r that a solution 
of (2) which is not identically zero cannot have an infinite number of roots in 
a finite interval within and at the extremities of which G is continuous. For, 
at the points of condensation of such roots, y' as well as y would be zero. 

If we now suppose that y(a), //(a), and G(x) are continuous functions 
of a parameter X ( X© < X < Xj) then y„ and p^ are continuous functions of this 
parameter and, by the uniformity of the convergence, their limits y{x) and 
y(x) are continuous functions of (x, X). 

From the method in which //„ and^„ must be computed by means of (14) 
it is evident that the result will be the same if we eliminate /) between the 
two equations of (14), thus getting 

(1-^) /A,+2 - ^yn + i + /A, = ~ G(a + nS) //„^i S«. 

If now we plot the ordinates //„j, m = 0, 1, 2, . . . n, as in §1, using for the 



* Picard, Comptes Bendus, vol. 128 (1899), p. 1863. 

Painlev6, Bull, de la Soc. Math, de France, vol. 27 (1899), p. 150. 
t C/. Feano, Math, Annalen, vol. 32 (1888), p. 460. 
X Cf, Sturm, 7. c. p. 109. 
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corresponding abscissae //i3, //i = 0, 1, . . . /i, we shall get a broken line which , 
if S be taken sufficiently small, will lie between the two curves 

(c arbitrarily small) 



and f/ = !/(^) 



:: 



whei-e X is supposed to Ix* any |)oint of an intei'val lying within the intei-x^al in 
which i/{x) is continuous. 

Equation (15) belongs to the typt» of dilfei'ence equations considered in 
§3, and it was then shown {cf. (8) ) that if either ^i/f/o or G(\) increases 
with X, the other not decreasing, or both are functions of the parameter X which 
continually increase as X increases //«(X)/y„_i(X) increases continually with 
X in any intel•^'al delimited by t>vo successive root«> of //„ (X) = 0, and Hiat 

the same is tnie of ' ^^ ^ /*""J^ ^ so that we have the fundamental theorem : 

Under the restrictions imposed on y'(a, X)///(a, X) and G(x, X), namely ^ 
thai either or f)oth shaJJ vontinualhf increase with X, and neither decrease, the 
ratio //'(x, X)/y(a7, X) will be a continually increasing function of X in any 
interval delimited by two successive roots of y{x, X) = 0. 

In the same >vay it can be shown that the roots of y{xj X) = will con- 
tinually increase with X. 

The Oscillation Theorem for the ditferential equation can be arrived at in 
the same >vay by regarding it as a limiting fonn of the analogous theorem for 
the difference equation. 

The equation (8) of §3 biH'omes, if we pass to the limit, 

/[(?(a-,X)-fT'(x,Xi)]y(x,X)y(,r,X,)rf.r-f //;((/,X|)y(flr,X)-y;(a,X)y(a,Xi). 

This fundamental equation, which I'an be at once obtained from the differential 
equation itself, is the starting point of Sturm and B6cher* in establishing the 
Comparison Theoivms fix)m which the other Sturmian Theorems are deduced. 

Yale University, 

New Haven. CoNXEcncrT. 

• The Theorems of Oscillation of Sturm and Klein., Bnll. Am, Maih. Soc., acr. 2, vol. 4 
(1S98), p. 296. 



spa(:e of constant oukyatukk. 

By Frederick S. \V(K)i>s. 

As is. well known, the investigation of the foundations of geometry has 
led, by three distinct methods, to the recognition of the fa^t that alongside of 
the Euclidean geometry there exist other s\'stem8, equally self consistent and 
equally capable of explaining the facts of experience. The first of these 
methods of research, that of Lobachevsky, Bolyai, and Gauss, proceeds upon 
the historic lines of Euclid. The second method, that of Klein, start.s 
from Cayley's syst(^m of measurement with reference to a fundamental quad- 
ric and employs the principles of projective geometry. The third method, 
that of Kiemann, consists essentially in the study of differential quadratic ex- 
pressione and extends to space of any dimensions (iauss's idea of the curva- 
ture of a surface*. The fii*st two of these methods make less demand than does 
the third on sj^ecial mathematical knowledge, and elementary expositions of 
them are readily accessible and widely known ; but, as far as the present writer 
is aware, no elementary treatment of Riemaim's ideas exists. Such a treat- 
ment seems desirable, however, not only because of the intrinsic importance 
of Riemann's methods, but also because his results have been sometimes mis- 
understood. The temi "curvature of space " has led some to infer by a false 
analogy that Riemann's geometry is possible only on the assumption of a 
fourth dimension.* 

The present article is an att^^mpt to present Riemann's ideas in an ele- 
mentarj' fonn. The basis of the aiticle is Riemann's famous jwiper "Ueber die 
Hypothesen, welche der (ireometrie zu Grunde liegen."t In addition, the 
writer has consulted, among others, the following jwipers : 

Dedekind-Weber : AnmerkuDgen. Riemann's (iesammeUe Werke, Isted., p. 384; 2nd ed., 

p. 405. 
Helmholtz : Ueber die tbatsachllcheu Grundlagen der Qeoiuetrie (1866). Wissen- 

schaftliche AbhandlungeUt vol. 2, no. 77, p. 610. 

Ueber die Thatsachen, die der Geometrie znm Grande liegen (1868). 

Ibid,, no. 78, p. 618. 
Beltrami: Teoria fondamentale degli spazli di cnrvatura constante. Annali di 

mat,, ser. 2, vol. 2 (1868), p. 232. 



*Thi8 error has recently been repeated in an article by Professor £. S. Crawley on 
*' Geometry: Ancient and Modern," published in the Popular Science Monthly for Jan., 1901, 
p. 257. 

t Gesammelte Werke, 1st ed., p. 264; 2nd ed., p. 272. 

(71) 
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Saggio di interpretazione della geometria non-£uclidea. Giornale di mat., 

vol. 6 (1868), p. 284. 
Newcomb : Elementary theorems relating to the geometry of a space of three dimensions 

and of uniform positive curvature Crelle, vol. 83 (1877), p. 298. 

Killing: Ueber zwei Raumformen mit constanter posltiver KrQmmung; Crelle, vol. 86 

(1879), p. 72. 

Die Rechnung in den Nicht-Kuklldischen Raumformen. Crellfi, vol. 89(1880), 

p. 265. 

Ueber die CUflbrd-Klein'schen Raumformen. Math. Annalen. vol. 39 (1891), 

p. 267. 

Einfahruny in die Ch^ndlaytn der Geometrie. Padeborn, 1893. 
Schur : Ueber die Deformation der Raiime constanten Riemann'schen Kriimmungs- 

masses. Math. Annalen, vol. 27 (1886), p. 163. 

Ueber den Zusammenhang der Raiime constanten Riemann'schen Krtimmungs- 

masses mit den projectiven Raiimen. Ibid.f vol. 27 (1886), p. 537. 
Klein : Autographirte Vorlesungen iiber Nicht-Euklidische Oeometrie. G6ttingen, 1892. 

Zur Nicht-Euklidischen Geometric. Math. Annalen, vol. 37 (1890), p. 644. 

Lectures on Mathematics, Lecture 11, p. 86, New York, 1894. 
Lie-Engel : Theorie der Transformationsgruppen, vol. 3, p. 393 ff. Leipzig, 1893. 
Bianchi : Differential (jeometrie, German translation by Max Lukat, p. 663 ff. 

1. The First Two Hypotheses. Riemaun's investigations are con- 
cerned with the properties of extents {Maunigfaltigkei(en) of any number of 
dimensions, in which an element may be deteraiined by means of coordinates. 
Such extents are now commonly called "spaces of n dimensions " ; but we shall 
restrict the word " space ", in this article, to an extent of three dimensions, 
while " surface " shall mean an extent of two dimensions, and " line "an extent 
of one dimension. We have then two problems. First, we have to develop 
a system of geometiy from assumed hypotheses and, secondly, we have to 
bring our results to the test of experience and inquire how far they are in 
accord with natural phenomena. 

These two problems need to be sharply distinguished. The first is theo- 
retical and exact ; the second is empirical and subject to all the uncertainty 
which belongs to physical observations. In attacking the first problem, the 
investigator is free to choose his hypotheses as he will, provided only they 
are not contradictory, and to dmw what conclusions he may from them. We 
shall accordingly make the two following hypotheses which we will first state 
and afterwards discuss. 

First Hypothesis, lite space to he cotmidered shall be a continuum of 
three dimensions, in which a point mat/ he determined by three independent real 
qnantitieSy .t'l, .r^, .T'g- 



*# 
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Second HvroTHEsis. The length of a line shall he dete^rmined by means 
of a line element given by the equation 



ds = y/ 2or,.;. dxi dx^ , (^/^^ = a^j, ; /, A' = 1, 2, 3) 

where the an. are functions of Xi^ .i;^, x^y which together with their differential 
coefficients of the first four orders are finite and. continuous^ and where the 
expression under the radical sign is positive for all real values of Xj, 052, ^% 
and dxi, r/x.^, rfxj, provided that .r,, .>•_,, x.^ correspond to points of the space and 
that dxiy dx^, dx^ are not all zero. 

Discussion of the First Hypothesis. In a i)ureiy analytic sense, appoint" 
is a set of three values (ifj, .i^2» '^'a)' *^"d space " is a collection, or assemblage, 
of such points, which together fonn a continuum of three dimensions. By the 
requirement that space be a continuum, the following two properties are 
asserted of space. First, if («i, f/^, a^) is any point of sjmce, then (a, 4- Aj, 
«2 + /*2, <i -h ^3) is also a point of space, what<»ver may be the values of Ai, Aj, 
and Aj, provided that no one of them exceeds numerically a certain value /f, 
depending in general on the point (//i, a^i^ a^). Secondly, if («i, a^^ a^) and 
(61, 62, 63) are any two points of space, it is possible to connect them by a 
continuous cune lying in the space. 

Here it is immaterial whether .Ci, .rj, and .^3 be allowed to take all possible* 
values, or whether they be subject t-o certain restrictions, jn-ovided only the 
above two conditions be met. 

We assume for the present that to every point of space, or at least to 
every point of the portion of space which we are studying, corresponds one 
set of coordinates (^'i, Xj, X3), and conversel3\ We can later proceed to all 
portions of space, in case this condition is not everywhere fulfilled, by the usual 
methods of analvsis. 

Our space is assuiued to be three dimensional. By this it is not meant 
to deny the possibility' of the space's lying in an extent of higher dimensions, 
but simply to assert that the discussion has nothing whatever to do with these 
dimensions. The validity of the results obtained is neither strengthened nor 
weakened by the assumption of a fourth dimension. 

Discussion of the Second Hypothesis, Within the sjmce thus defined we 
may pick out at pleasure one dimensional extents or lines. We shall restrict 
ourselves here to lines which may be expressed analytically by the equations 
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wlicro t is an arbitniry immnieter, and wheiv, for tiu' values of t which come 
into con.sidci'ation,/i,/2» ^"^/a ^i*^ continuous functions possessing continuous 
first derivatives which do not vanish sinuiltaneously. Consider now a ]X)rtion 
of such a line corresponding to values of f h'ing lH»tween, and inchiding, the 
values /„ and 7, and let this portion be* broken u}) into n segments, to the ex- 
tremities of which <-orrespond the values fQ.fi^f^, („^\/J\ If now 

(•*'i> •^^I'^'a) Hre the coordinates of the extremity {t — /,) of any segment, the 
coordinat(»s of the other <^xtremitv (/ = ^ + i) ^vill be, except for infinitesunals 
of higher order, (r, -f </.i|, .i\, -\- ^/.t-g, .'3 -f f/r,), where 

ilx^= f{{f)(lf, iLv.^ = /!^(t)dt, (I.i'.^ = /t^{f)(tf, and dt = (^^^-t.. 



We introdu(^(» now arbitmrily as th<' definition of an ehiitrnt of hmjth a func- 
tion 

<^(.ri, .I'o, .#3 ; f/.r,, //.Co, dx-^) 

which has the following two properties. First, it shall become infinitesmial with 
//^'i, </.i:.^, dx^ and conse(|ucntly with <//, and, secondly, the sum of the w values 
of this function comput(»d for the // segments of the line considered shall aj)- 
proach a limit as // is indefinitidy increased and at the same time the n ([uanti- 
ties //^, — ti are mad(» to ai)proach zero; the limit to be independent of the 
manner in which the <^\tremities of the segments are chosen. Thh limit is 
definfid as (he lentjth of the portion of the tine in ijuestion. 

These conditions are met in particular by the assumption of the line ele- 
ment as ill the second hypothesis, in accordance with Avhich we have 

<^ = yj^tta-d'^'i ff^'K' 
The h'n«rth of the line is then i^iven bv the int^^ifnil 

T 



I = / \/^aa.f!(t)fl(t) dt> 



This form of the line element has for our present purpose the decided ad- 
vantjige of including as special cases all the tonus occurring in Euclidean ge- 
ometry, which correspond to dift'erent systems of coordinates (Cartesian, polar, 
cylindrical, etc.) ; but it is by no means the only conceivable one. Thus we 
might, aspointx»d out by Riemann, employ the positive fourth root of a homo- 
geneous biciuadrntic expression in rfx^, f7.t'2, dxs- Further, the restriction that 
the (expression 2/^,-^. dx, dxj. should be always positive for alloAvable real values 
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of the ciuantities involved may lx» dropped,* but in that case we should have 
certain real lines with zero or even with imaginary length. Such a geometry 
would not explain the facts of experience and is therefore not considered here. 



2. Geodesic Lines and Surfaces. We proceed now to find the 

etjuations of the shortest line between two points ; or, in other words, to de- 
termine the condition that the integral 



' = '"-'2-St''' 






shall be a minimum. Th<» Calculus of Variations gives, as a necessar^^ condi- 



tion that the integral 



/ = / ' F(,V,f/,Z,.r\t/\ z') (ff 

Mo 
bt* a minimum, the Eulerian e(|uations 

fit ■' ^ "■ ' (It " '" ~ ' df ' ' ~ 

In the present case, these become* 

^ ^ /"., -^^1 ^ ,, '^^"2 ^ ., ^'^\ 1 ^ V ^"»* ^^-^i ^^-^k 

dt Vl; V'''^ ^ ^ '"^ 777 + ^''« ^; - * ^^ Z 3:^ TTT 7Z7 ' 

where / = 1, 2, 8 and Hf = Sor^^ -^ -jf - The integiul / is invariant of 
the jmrameter t. We introduce the parameter .v defined bv the e<|uation 



•^ =/ V2««- S t '''' 



i, e. the length « of the portion of the geodesic line between an assumed fix(»d 
point and a variable point. Since 



l>jRtdt = f\E,ds = .s, 



* Compare for example Bianchi's paper : ''Sulle forme differenziali quadratiche indefinite," 
AUi della B. Accademia dei Linceit Memorie, ser. 4, vol. 5 (1888), p. 539, as well as the writer's 
article: Ueber Pseudominimalflachen, Gottingen 1895, wherein are developed properties of 

certain snrfaces in a space for which the line element is ds = yd r* -|- dy* — d«' * 
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it follows that 

_^ dxi dXf, , 

as as 
Hence the necessary conditions for a mininiuni, in tenus of the imi-ameter ^, ai-e 

dxx dx^ dxfi , x:-\ da^j^ dx^ dx^ 



d r dx 

dl L"""^ "^ "" "^ ^ "" ^^« J ~ ' ^ a^ ds ds 

d r dxi dXi rfxs"! , -^ dag dX} dx^ 

rf^r""^ + "*» rf7 + "« lirj - * 2^ 8«j 17 ds 

d r (/aci dx^ dxf\ ^ ^^-\ da^i. dXi dXf. 



(4) 



Conversely, these conditions are sufficient if I is not too great. More precisely : 
Let {ill, ^^' ^^s) ^ ^^y point of space, and {xi, fj, .^3) any second point such 
that I a:,- — a,| does not exceed a suitably chosen |K)sitive quantity, h. Then the 
('.([nations {A) admit one and onl}^ one solution which passes through the points 
(a) and (x) and has all of its points lying in the region |;r, — a,| < A, and 
for the corresponding curve the integral / has a smaller value than for any 
other cuiTe Joining the points (a) and (a*). 

We take the e(]uations (^1) accordingly, as the defining equations of the 
yeodemc Hues, In accordance with the theory of differential equations, it is 
always possible to find one and only one solution of these equations which 
takes on at an arbitrary point (aj|, x^,x^) any arbitrarily assigned values (not 
all zero) of the differential coefficients dxjds^ dx^jds^ dx^/ds. If these dit- 
ferontial coefficients satisfy initially the relation 

dXi dxj, _ 
(ff< ds 

this relation will be fulfilled for all values of .s. 

The geodesic lines which radiate from a point are hence distinguished tmn 
each other bj^ the ratios of the values of the difiierential coefficients and these 
may consequently be regarded as fixing the direction of each line ; the direc- 
tion being, broadly, that property of a geodesic line which distinguishes it from 
all others through the same point. 

It will be convenient to denote dXf/ds by !<, and to define the triple con- 
sisting of the three direction (juantities fi, ^j, ^3 as the direction (fj, ^j, f,). 
These quantities satisfy the relation 
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Our results thus far are these : 

Theorem 1. A geodesic linew completely determined by meana of any 
point on it and any second point not too far distant from the first. 

Theorem 2. A geodesic line is completely detennined by means of any 
point on it and its direction at that point. 

Theorem 3. Through any point of space pa^s <x? geodesic lines, each of 
tohich is completely determined by means of its initial direction. 

Take now two geodesic^ lines extending from the same point with the 
directions (ai, oj, og) and ()9i, )92i /^s) and consider the system of geodesiclines 
which radiate from their point of intersection with the directions (^i, ^2> fs)* 
where 

and, by viitue of the relation (-S), \ and ^i are connected b}' the relation 

Such a system wie call 2i pencil of geodesic lines , and the common point the 
vertex. This pencil corresponds to the totality of straight lines in elementary 
Euclidean geometry, all of which go through a common point and lie in the 
same plane. Any two lines of a pencil define the pencil. Any line of the 
pencil is fixed by means of a single parameter, which may be conveniently 
chosen by introducing the conception of an angle. The angle between two 
intersecting geodesic lines, irith the directions (^|, ^o* fa) Cfnd (fj, fj* ^3)i*^hall 
be defined by the rf^lation 

where the aij. are computed for the point of Intersection. 

The angle is alwaj's real, since we are considering only real geodesic 
lines. This may be most conveniently seen by dropping for the moment the 
condition that (fi, ^2* fa) should satisfy relation {B). We may then interpret 
these quantities as homogeneous point coordinates in a Euclidean plane. If 
now (fi , ^^, fs) and (f/', fg'* fsO are two points of this plane, any point of the 
line connecting them is given by the formula : 
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and th«' point>* in whioli this lino inU'i-sects the eonic scotioii 
rorn'spond to values of X : ft jjiven by the o<|uatioii : 

But the above conic has no real point^^^f intersection ^b}' virtue of our second 
hypothesis. Therefore the roots of the quadmtic in \ : /i are imaginary. There- 
fore its coefficients satisfv the n^lation : 

Introducing now the condition (7:^) we have 

i2^',,^/^/.'i <i. 

The limiting cases ^cfik^l ^i! = ± 1 can occur only when 

51 • S2 -53—51 • 52 • 53 • 

Since the signs of ^i, ^^i ^^^^^ fs i^^^^V be changed without altering the geodesic 
line corresponding to them (for such a change of sign may be made by alter- 
ing the sign of ds, that is, of the diri^ction in which the length is measured), 
it follows that cos is ambiguous in sign. This ambiguity is the same as that 
met with in the angle between straight lines in Euclidean geometiy and may 
be removed bv familiar conventions. 
If cos = 0; I. €, if 

the two lines are said to be perpeiidlculur. 

We may noAv readily prove the foll()win<r theorems : 

Theorem 4. fn any penvil of geodesic lines there exists one and only one 
line perpend icul a r to any given line of the pencil. 

Theorem 5. ff a geodesic line through the vertex of a pencil is perpen- 
dicular to two lines of the pencil^ it is perpendicular to all lines of the penciL 

Theorem (>. Through the rertex of a pencil of geodesic lines passes one 
and only one geodesic line perpendicular to all lines of the pencil. 
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Theorem 7. The geodesic lines perpemlicular to a given geodesic line at 
a given point fonn a pencil. 

Proof of Tlieorent 4. Let a pencil be given with its veilex at and let 
OA and OB be any two lines of the pencil with directions (a^, Oj, a^) and 
(Aj A» ^s) respeetiveh', making the angle (o with each other. Then 

cos ft) == Sa/x- O'iPk' 

Let OM be any line of the pencil defined by OA and OB ; then the direction 
of OM is given by the (»(|uations 

where V^ -f /i*^ -f 2\/Lt cos ft) = 1. 

The angle between 03/ and OA is given b}^ the formula 

cos = 2^;;^. ai{\aji. -\- t^fij.) = \ -f fi cos ft). 

The condition that OM be perpendicular to OA is that cos ^ = ; hence we 
have as the necessary and sufficient condition for perpendicularitj" : 

\ = ± cot ft), fi = T t*s<^ (*>• 

The direction of 03/ is thus restricti»,d to a single direction and its opposite, 
and hence there is one and only one line in the pencil perpendicular to OA. 

Proof of Theorem 5. Let 00 be a geodesic line through OA pei'pen- 
dicular to the line OA and OB of the pencil. The direction (71, 72, 73) of 
OC satisfies, then, the conditions 

2«<A- «/ "ik = 0, ^(fik ^i 7/ = ^>» 

and consecjuently the condition 

laa{\ai + /a^,) 7^. = 

for all values of \ and fi. Hence 00 is perpendicular to ever}' line of the 
pencil. 

Proof of Theorem (J. By the e(|uations 

2 «fA- «* Jk = <^^ 2 Ofj, fii 7;t = 0, 

the values of the ratios of 71 : 72 : 73 are uniquely detennined, and by aid of 
(B) the values of these (]uantities are determined except for sign. Hence it 
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is always possible to detenuine one and onl}' one pei'pendicular to two inter- 
secting geodesic lines at their point of intersection. By Theorem 5, this line 
is pei'pendicular to every line of the i>encil. 

Proof of Theorem 7. If OC with direction (7^, 7^, 73) be given, the con- 
dition that a geodesic line through O should be peipendicular to OC is 

If now {aiya^^a^) and (/81, ^82, ^83) are two sets of values which satisfy this 
etjuation, it will be satisfied by all values of the fomi 

and by no oth(;r values. This follows from the fact that the equation is linear 
in the unknown (|uantities f ,. Hence the geodesic lines through O peipendic- 
ular to 0(7fonu a pencil. 

Geodesic Surface. If we define a jKMicil b}' means of two perpendicular 
geodesic lines OA and OB, and denote as before by the angle (properly 
chosen) between OA and an}' line of the pencil OM, we have 

\ = cos 0, fjL = sin ; 

so that the direction of 031 is given by 

f J = ai cos -h ySj sin 0, 

where is arbitmry and 'lan.aiJSi. = 0. 

If P(Xi, a*2, .X3) be any point on the line 03/ and r be the length of this 
line from O to P, the coordinates of P are determined by integrating the differ- 
ential ecjuations of the geodesic line, choosing the solution Avhich at the point 
Xi has the direction ^,, and substituting r for s. We have then 

the functions 0,(0, r) being continuous, together with their partial derivatives 
of the first and second orders. By giving to and r all possible values, all 
points of all lines belonging to the pencil are determined. These points, de- 
pendent upon two pamnieters, form an extent of two dimensions which we call 
a (jeode^ic stirface. A (jeodefiic surface is then defned as a pencil of (jeodesic 
lines. By the definition, the veitex of the pencil forms a unique point of the 
surface*. Whi^ther or not any point of the surface may play this imi)ortant r61e 
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Ls at present undecided. We eannot in fact assume that the geodesic surface 
contains an}'^ geodesic lines of space other than those of the pencil. 

3. Curvature, (f. The Curvature of a Surf (fee. Let there be given 
any surface 

;r, = 0,(/mO, (i= 1,2,3) 

where u and r are independent variables and the (f)i are singleckvalued contin- 
uous functions with continuous diftcrential coefficienti^ of the first two orders. 
The line element of any line on the surface is found from the line element of 
space. There results 

ds' = Edu^ -f 1 Fdu dv -h Gdi"^, 
wh(»re 

** du du ' 



G = l(f 



ik 



cu dv 

— • ■ • 

d V d V 



The properties of the surface belong to two distinct classes. The properties of 
the first class are those which may be deduced from a study of the line ele- 
ment just written, where E, F, G are treated as functions of u and t', and no 
reference is had to their dependence u]K)n a?i, ^2, x^ ; while those of the second 
class depend upon the relations bet>veen i(, ^' and .ri,^,, 0^3. For example, if 
the line element of the surface is 

^/.s2 = du^ -f dv^, 

the surface may be a plane, a cylinder, or any developabh^ surface, if it lies in 
Euclidean space, and may be somethinc: quite different in a non-Euclidean 
space, and the properties of th(» first class arc* those common to all these sur- 
faces. The distinction between th(* two classes of properties is often lost sight 
of in elemcntar\' pn^sentations of the th(»ory of surfaces, but it is of funda- 
damental importance to us, since the ju'operties .of the first class maintain their 
significance Avhatever nuu' be the nature of the space in which the surface lies. 
We may accordingly use the results of the ordinary theor}^ of surfaces, in so 
far as they concern these properties. To obtain the properties of the first 
class, we assume the line element of the surface, and define length, geodesic 
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lines on the surface, and angle in a manner similar to that just employed for 
space. Thus the equations of the geodesic lines are 

(/ fjpdu y^i(ivi_ , rdE fdu\^ cF du dv dG/di\^^ 
dsY_ ds dsj~ [_dH \dsj du ds ds du\dsj J 

(^ r F ^'" f' ^^n - X P^' /^^Y .. 2^' ^^« d^' dG/di\^-i 
rf,s L ds ^ df<j~ L^^' \(fs/ 3^' ds dft dv\dsj J 

and the anffle between two sreodesics is defined bv the fonimla 

COS0 = 

^■(^)'(S)"- 4&:)'(:^)"- (tO'c^)"] - "(s)'(S)'' 

It should be noticed that, if the* surface is considered as Ivinir in a given space, 
the geodesic lines on the surface are not in geiuutil geodesic lines of the space, 
but lengths and angles arc th(» same whether measured on the surface or in sjiace. 
The properties which ma}' be deduced for a surface b}' the discussion of 
its line element depend largely ui)on the quantity called by (iauss the measure 
of curvature, or simply the curvature^ of the surface. Under that term we 
understand a (|uantity /r, defined by the relation 

1 (d_ r F oE _ 1 cG-i 

'^sjEG-^^ (a^ LF^ E(^-T'^ ^ ~ si EG- F^ ^J 

_a^ r 2 cF^ 1 ai^ f a^-i | 

^ ar Ly/ EiV- ^ ^ ~ y/ E G - F^ ^7 ~ EsJEG- F^ ^J j ' 

With the geometric interpretation of the curvature as usually given on the 
hypothesis that the surface lies in Euclidean space we have nothing to do. For 
us, the "curvature" means simph' the above expression, which is fully deter- 
mined when the line element of the surface is iriven, and mav be shown to be 
an invariant of the surface, that is, independent of the coordinates chosen to 
define the surface. When /ris the same for all points of the surface, the sur- 
face is said to be one of constant nirvature. The importance of the cun'ature 
lies in the two theorems : 

A necessavf/ condition that two jyortions of surfaces may he brought into 
point for point correspondence with preservation of distance {and hence of angle) 
is that the If have the same currature at cor resjionding points. 



K = 
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If the two portions of surfaces are of constant curvature^ the condition is 
also sufficient. 

It folloAvs that on any surface of coiKstant cun-atiire there exists a geome- 
try of geodesic lines which is independent of the portion of the surface consid- 
ered. 

Beltmnii* has shown that this ^eonietrv assumes diflerent distinctive 
features according as the (constant curvature is positive, negative, or zero. 

h. The Curvature of Space, As W(^ have seen, the coordinates of a point 
on a geodesic surface may be taken as (/•, 6), The element of arc of a geo- 
desic surface is then 

(Is^ = E(h^ + 2F(lr dO + (rdO^ 

where it is possible to determine more exactly the values of the coefficients. 

In the first place, if = const., ds = dr for all vahies of r, no matter what 

value ma}' have been assigned to 6 ; hence E = \, Secondly, the lines /• = ,v, 

6 = const, are geodesic lines in space and hence geodesic lines on the surface. 

d6 
Substituting the values ii'= 1, -^ = in the e(|uations of the geodesic lines 

we have 

cr 

and therefore F is a function of 6 only. When /• = the quantities .r^, x^^ 
and ^8 reduce to the coordinates of the vertex of the generating pencil, no 
matter what the value of 6, Hence 



From the fornuila 



cXi dXf. 



it follows that (F)r=Q = 0, and hence, since i^is a function of only, i^ = 0. 
The line element of the geodesic surface is therefore 

ds^ = dr' 4- Gdd''. 

* Saggio di interpretation! della geometria non-EucIidea, Oiornale di matematiche^ vol. t>, 
(1868), p. 284, cf, also, Bianchi, Differentiahjeometrie, p. 418 ff. 
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Tlie expression of the cun'atui*e reduces in this case to 

The ciiiTature is conse([uentiy a function not only of r and d, the cooixlinates 
of a point on the surface, but also in general of the coordinates of the vertex 
O of the generating pencil and of the directions (ai, Oj, a^) and (/Sj, fi^j 3^) 
which fix the pencil, since the functions <^,(r, 0) de{)end upon these latter 
quantities. In particular, if Kq is the curvature at O, it may be shown that 

Ai iklm 



where 

d^ifii ^ s^cTiivM ^*^^m 3*«iL/ . , V /^ . ., ^ \^»< 



dXf.dx„, cXiOXi dxf.dxi 3a:,3x,„ 



+ J -2^ {PnmPtil—PtimPtklJ'Y^ 



^''*'' ~ dx, "^ axv ax;, ' 

Agf is the minor corresponding to a^t in the detemiinant 



a = 



^12 ^'22 ^^ 
^13 ^28 ^'S3 

the subscript denotes that the exi)ressions to which it is affixed are computed 
for the point O, and the simmiation is to be extended over all combinations 
of the value-pairs i, A* and /, m, for which i < A*, / < /w.* 

The ([uantity ITq is called l)v Siemann the measure of curvature of the 
space in a given point and in a given surface direction. This curvature varies 
in general from point to point in space, and also in a given point is different 
for the different geodesic surfaces which jmss through the point. In case Kq is 
constant, the space is said to be one of conf<tanl curvature, A space of constant 
curvature is accordingl// one in which the curvatures of all geodesic surfaces 
computed for the vertices of the generating pencils are the same, 

♦ Cf. Dedekind- Weber, /. c. also Schur, Math. Annaleny vol. 27 (1886), pp. 542->551. A 
shorter derivation involving the use of differential invariants and Chrlstoffers symbolic expres- 
sions is given by Biauchi, ?. c. p. 571 ff. 



SPACK OF CONSTANT CTOVATURE. 85 

From tlie expression for Kq it follows that the necessary and sufficient 
condition for a space of constant ciirvaturo is that the quantities a^. should 
satisfy identically the relations 

where* Kq is a constant. 

4. The Third Hypothesis. We shall define a di^iphfcement as any 
tmnsformation by which a continuous portion of space is brought into a contin- 
uous point for point correspondence either with itself or with some other portion 
of space in such a manner that the lengths of corresponding portions of lilies 
are the same. 

Let S be any i)ortioii of space in which the coordinates of any point P 
are (.ri, Xg, x^)^ and let !i' be a portion of space in which the coordinates of a 
point P' are (.rj, 3'i, ;>*3). Let th(» line element in S be denoted by 



ds = V ^aii.dXidxj. , 
and the line element in 8' bv 



ds' = V 2r/{ji. dx!idx'i. , 

where a^n. denotes the value of a^i. for {xi^x^^x^). \\\ order that 8 may be 
displaced into 8\ it is lUM'essary and sufficient that 

ds = ds' 
bv virtue of relations of the; form 

ft 

Xi = </),.( .ri, 4, .tj ) , ( / = 1 , 2 , 3 ) 

where the <^, ar(» continuous functions of (^'J, ic^, JC3), possessing continuous 
tii*st derivatives, and establishing a one-to-one relation between the points of 
8 and 8'. 

From this follows 

In, CXi dXj, 

Any displacement transforms geodesic lines iido geodesic lines^ and geo- 
desic surfaces into geodesic su) faces. 

The first part of this theorem follows at once from the definition of gc^o- 
desic lines. To prove the second })art, we notice that 
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</.!', _ y c<f>i //.*•; tl.H' _ y^ C'<f>i (Lr'j 
tfs ^J^ cx'i dfi' (fs f^ c\r'i (fs' 



lh»n<(s if (a|, ao, a-^) is the (liriH'tion of a <r<'()<l<*sii* lino at a point O, and 
(a(, a!,^ a'^) tho direction of the (•oiT('sj)ondin<r lin(» at 0\ 



«/ = 



2: C^O »;■ 



Siiu'(» this relation is li!u»ar, a jXMiril of *^eo(U»si<' liiu's with its vertex at O is 
tninsfonned into a pencil of «r<M>desies with the vertex at O'. 

lender an If iltsphirement the mujle h^'firepn ftrti tft^mlfsir lines is *'f/i(ftf to (he 
vftn'f'spontliiff/ aiu/U' hHirt^fu f]tr ftro rnrrespomlinfj fjeot/fsir lines. 

For let OA and Oli h(» two !r<'odesie lines intorseetinir at () with the diree- 
tions (oi, tto, 03) and (/rfp /So, ytf.j) respeetivelv, and let O' B' and OM' 1)0 the cor- 
respond in*jf lines with directions (aj,a.j, a,) and (ySJ, /Jo, ySJ). Then if ^ is the 
an*rh' hetwetMi OA and O// and 6' the antrle between OA' and Oli\ 

costf = ^Nij,.ai/3^. 

To remove the anil)i«rnity involved in the (h'ti'rniination of an angle from 
its cosine, and at the samc^ time to ch^fine correspond in*i: an<J:h^'<, we mav con- 
sider first the case in which Oli coincides with OA. Then O'/^' coincides with 
(VA and we may take 6 — 0' =z {). Let now Oli chan«re its })osition contin- 
uously, the point O ln»inir IiximI : 6 then varies contimiously, attaininji: a final 
value which we call the an*rle AOli. At the same time O'/y'chanjros its |H)si- 
tion continuouslv, alwavs correspond inir to OB^ and 6' varies continmmi^lv 
from zero to a fiinil value A'O'B. which is the an»rle correspond in«r to AOB. 
Since at all times cos tf -1 rostf', and at the outset = 6\ it follows that 
AOB ^ A'0'li\ 

The j)ossil>ility of the reversal of the diri'ction of the angle is not excluded, 
anil it setMUs unn(»cessarv at t,his point to introduce a distinction between dis- 
placements which do not n*vt»rsc the direction of the angle and those which do. 

The existence of displacements is by no means nei'essarv in a geneml 
space. This is to be seen by comi)aring the similar problem in connection 
with surfaces. A displacement on a surface may W carried out by bending 
one portion of the surface upon another portion without tearing or stretch- 
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ing. It is clear that surfaces (»xhibit widely diflereut possibilities in regard 
to such bending. It ma>' also be seen that the displacement of a portion of 
a surface and of the entire surface, are difterent problems. Take, for example, 
the right circular cylinder in Euclidean spac(». If a point on the c3'linder is 
fixed, the cj'^linder as a Avhole is inmiovable, but a restricted portion of thv 
cylinder around the fixed point is easily bent upon itself. 

The existence of displacements in space is consecjuently the subject ot a 
new hypothesis. 

Thihi) IIypotiiksis. Tf P is (nff/poiiifo/space, It shall he jiossihle todis- 
plare a VPHtricfed pov(iou of sjxtre sttrrfftoidinf/ P ufKni it self in such a manner 
that an If tiro f/eodesir lines throiujh P shall correspond to ant/ other two geodesic 
linen throntjh P^ prodded onhf th(d the tfco latter lines make the same anffle 
n*ith each other as do tite former lines. 

By such a displacement, the ixnnt /^remains fix<'d and any two geodesic 
pencils with their vertices at /^ may be brought into point for point correspond- 
ence* with preservation of distance and angle. Hence {cf §H, a), the geo- 
desic surtacc^s formed by the two ])encils must have the* same* curvature at 
corresponding points and in particular at J\ The (juantity Kq of the previous 
article must therefore be independent of (a^, og, a^^) and (A»)82, ^83). Now 
Schur has i)roved (/. c. ) that when the curvature of space* is constant at each 
l)oint it does not change as we i)ass from point to point. Hence 1\q must also 
be independent of the coordinators of O. We have therefore the theorem : 

In order that the third hf/pothesis shall he met^ it is necessan/ th(ft the space 
he one of constant carratare. 

In the next i)amgi"aph we shall show that in a space of constant curvature 
the hypothesis is always met and that furthermore* there exist displacements 
by which any point P may be tninsformed into any e)ther point /*'. 

5. Normal Form of the Line Element. Let the line* element 

f?.v2= ^a^dxidx^. (1) 

bele)ng to a space of constant curvature k'% where X- may be zero, real, or pure 
imaginary. It is then always'possible by a change of ce)()rdinates to reduce 
the line ele*ment to Riemann's normal form 

- r — ¥ V' ^^ 



HH 
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ThiH wv will iWHUine without proof.* If now k = 0, tlio forni (2) is as simple 
as poNsiblc. AHsuiinnfi: for t\w pivHvnt that k is not zero, we shall proceed to 
find anotJM^r form for thr linr chMnont. For that purpose, we shall first make 
the Hu))Htitutions 

'2u 2r '2ic ,. 



//i 



wlii'iH' H, *', /'', luid f ui't> ('oniiocU'il l\v th«' 'ulcntitv 



(4) 



We have then 



f/.S« -. - 



,lf,i + //r-* + f/zr-^- ~</r^ 



^ 



(•^) 



Kiimllv let us introduee j\ //, and ^ defined bv the i-elations 

1 



\ 



H 



tan /i\i\ 



I 



r - T see k'x tan /'v, 
A- 

//* _ - SIM' kx stv k // tan A** 
A- 

/ stv k'x soi* k' V stv At. 



(6) 



It is ivadilv soen that, if \^v^. »\u "\>*^o) ''^ '*"v "^^^t of values satisfying (4), and 
if {f*\s ^i. ^':j> and (,»\>, 7o» ^>) iHv the eonvs|H»ndinsr sets of values of (//i* //f, //j) 
tnMU ^r»> and (j, v. :) fi^oiu O*^ iv>|Hvtivoly then the jH>ints (#/, r, jr,/) that 
lie in the neiirhN>rhood of i^'\», '*,„ "V* ^>^ **»d sjitisty (4) art* transformed by 
^»*^ anvl ^^ro ivs|Hvti\ely iu a one-iiw>ne manner anvl eontinuously on 'jU the 
|H>ints ^Vp /^, '/i> and i-'*, //•:» n*s|Hvtlvoly that He in the neiirhb*>rlnMKl of 

The lino olomenl now lakos on the nfn/t'tf /"'»*>/* 

If i* is pun- iiuacinarx , th»' funetii>n^ in t »> > and ( 7) may !v written as hy|x*r- 

• rii'x form ^x -M oil l\^ Kicui.inu \\!tlKHi; j>rvH>f. It is pnnevl by IVilekicd- Weber I. o- 
o:i '.V A'i^ iu;.»::vvi :;ta: :ie i^vvhW^Io <-.:r.'AO\.»'i *reo' c-.*'is:auco^irvaiture. Slaoethis :i$sucuptloa 
hAjiNvit >:'owu bv Svti--ir ,*. * :o V wArr»i:uxU ilie j>rvK>lf isMlut. 

V i*rvs*;* ^AS ak'.so -Vv'f. ^C'.^c;-. -\v I i^^sob.Ui iu ov>u::ev*tio:i wiiLi e:xtecdevi luve>ti^cioB< on 
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bolic functions and the vise of imaginaries obviated. W(^ shall avoid duplica- 
tion of our work, however, by using (6) and (7) as they stand without regard 
to the reality of k\ but it may be noticed that /• always appears in such com- 
binations that the resulting expressions are real. 

The differential equations of the geodesix* lines (^4) become, after a few 
easy simplifications. 



(Px , , , d J- (Ih , , , dx dz 

-r-o = 2 A- tan kf/ ^ r^ + 2 A- tan k'z -. — =- , 

«,s* • as da ds ds 

d^fi ^, . du dz , , . , /dx\' 

;^: = -/cos /•.«!„ ^.[.•„.s^/.v/(;^) % (g)"]. 



(8) 



77te Coordinates (^•, y, z) . The coordinates (.r, //, z) introduced analytic- 
ally by ecjuations (3), (4), (<>) are analogous to Cartesian coordinates. For, 
we can see by inspection that all lines of the thre(» types : 

(a) .1' = const., // = const., z = s ; 

(b) x = const., // = .^, ^ = ; 

(c) X -■= .V, // = 0, ^ = : 

satisfy equations (8) and are tlu\n»fore geodesic lines. In particular, the three 
lines {X = .s, y = 0, 2 = 0), {x = 0, // — s, z = 0) and (x = 0, // = 0, z = s) 
form a set of three mutually perpendicular geodesic lines intersecting at O. 
We will call them OX, 01^ and OZ respectively. Consider now the smiace 
2 = 0. We shall have geodesic lines lying on this surface* if we plac<» z = 
and take // and x as solutions of the ecjuations 



.1 I dx d u 
= 2 A- tan A// -. y- , 



d^x 

d S' ' " '' d s (fs 



, •, = — A- cos A- // sin A- '/ ( ^- ) , 
ds^ •' ' \dsj 

which result from i)lacing z = in (8). These ecjuations, however, are the 
same as those which we obtain by aj)plying to the surface z = 0, in which the 
line element is 

ds' z=z cos'^X* // (/.r^ + dt/' 
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tin* eijiiatioiis of tlie geodesic lines on any surfaee, as «riven in §3, a. That 
is, the shortest line whieh can be drawn on tlii» siiifaee z = i) eonneetinof anv 
two ]K)int.s is also a geodesie line in sj)a<*e. Ilenee the surface 2 = is a geo- 
desic surface, any |x>int of which can Ik» taken as tlH» veit<»x of a generating 
l)encil of geodesic lines. In |)articular the suHace is the geodesic surface 
detenuined by OA^ and Ol'and may i)roiH'rly Ix* called the surface XOY. 
Similar results mav be obtained for the surfaces // = and .'• = (». 

Let now (.'o'.'/o'^O ^^* '^"^ P<>i'>t on XOV, Any geodesic line on XOY 
through this jxiint has then the direction (aj, /?!,(»), where a] cos-///j, -j- /9j = 1. 
Any line of type (a) passing through ('o'.'/u' *M '"i*^ the direction (0,0, 1). 
Hence th(» lines of tyjH' (ft) are |H»rpendicular to the pencil of geodesic lines 
on XO ^through the point in which {a ) meet A'O )\ and are therefore iH'rjHMi- 
diculur to XOV. Similarly the lines of type (/;) Vw in A'Ol'and are per- 
pendicular to OX, The only line of type (r) i< ()X. It follows then that if 
\vr measure along OA'^the distance .^'^)^ from the point thus reaclu^d nu'asure 
along a geodesic line perpendicular to OA'the distance ^/^^^ and from the |H)int 
thus attained measure along a geoch'sic i)erp<'ndicular to XO V the distance 
^„we reach a point with coordinates (.t'o* //o» -.»)• Thus every point (-''o^ f/o'> ^o) 
lying in the neighborhood of the point (0, 0, O) can be reached along one of 
th«j paths just described, and along but one su(*h path. As a cons(Mjuence of 
the foregoing we have the theorem : 

Thrmfffh aaij point P ///'/'.V '/' tlie nH{fhhftrltnod of (he pi nut x = // = z =0 
(me perpewlirnhir to the (jeodesir snrftice XOY ran he drawn ond^ if we re- 
f/nii'" the jterpendindar to lie n-hotlt/ in the nei[j1djor1iOitd (f the aho^e pointy 
tint one. From innj snrh point P hjinij in the tjeoiiesir snrftire XOY one per- 
pendicutor to the (jeodesir tine ()X con he dnnrn ond ^ under the .Hame restrict 
tion OS he/'ore^ htft ftne. 

To sum up then : 77/e coftrdinide stpsteni {.>', //^ z) involves three tnntnidh/ 
perpendiridar [jeodesie lines ()X^ OY^ 07, intersect infj at O, and detenninimj 
three f/eodesir surfaces X()Y^ XOZ^ YOZ, The coordinates if a point P 
are determined bt/ taking a fjeodesic line thnrnf/h P perjtendirtdar to XO Y 
meetiwj it at J/, and front M d rawing a tjeodesic line in XO V perpend ictiJar 
to ()X meetnuj it at X, The lenfjths of the lines (JX^ XM^ MP are then .v, y 
ftnd z respect i vet If, 

For the sak<' of svmmetrv the three *reodesic lines and the three* surfaces are 
sp(H!ifie(l. Practically only one surface XOY^ oiu^ line OX,, and the point O 
are n(*eded. 
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6. The Equations of the Geodesic Lines and Surfaces. To ob- 
tain tho equations of the goode.sio linos wo nood to intetri'ato tho dittorential 
equations (8), havinjr re*rard to (7), or its e<juivalent, 



This may bo done by considering the functions derived from ((>), 

^ = = -. sin /•.>• cos /•// cos /.'Z', 



(50 



r 



1 . 



t] = ~ = -y sin A'// cos /\r. 



c = — = p sm /^•^• 



(10) 



By linear combinations of (^<) and (!^), we may obtain the e(|uations : 






N 



(11) 



y 



To verity this it is only nec(\ssarv to nmltiplv oijuations (S) and (D) hy 
the undotenninod factors \, /x, i/, p, to add, and to compan* the results with 
equations (11), Avritten out in Unins of .>•, //, z and their ditterentialcoeffieients. 
The values of the nuiltipliers are then (^asily found. Jleuve nun sohtflon of 
efiuations (8) whiclt safisjies (\)) sfifisfi&s also (11). 

(^onversely, ocjuations (8) may bo expressed as linear combinations of 
(U) and (1)). Hence ain/ solution of (W) tr Inch satisfies {[)) also satisfies (8). 

The general solution of (11) is 



f = 1-i sinA'N -h yy, cos/.v. \ 

A' 

1) = ^, ' sin/»'.v + //, cosA'N, 
t = ^-.^ sin/.-N 4- IL cosZn. 



(12) 
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It is iieces.sary to choose the constants so us to satistV (9). The direct sub- 
stitution is difficult, but we may proceed indirectly as follows. We notice first 
that (4) «rives us, as a relation which t must satisty, the tbilowinjr : 

^^ + ,-^ + r^ = ^^_-jl, (13) 

Fui-thennon', (\)) is e(|uivalent to (5), and the latter may Ih» written: 
Any solution of (11) is also a solution of 
which is the same as 

Hence we ir<'t from ( 1.')) :ind ( 14), as a necessary condition for /, the e()uation : 

ds\f ds) - V^ '/^/ * 

Fnmi this 

— =- = A' tan k(s + r/), 

where a is th<» constant of integnition. No ^renenxlity is lost by talking r/ = 0, 
since this amounts to denoting by s the length of the arc measured from ajjar- 
ticular point, jilus a constant : or simply, as will appear later, to measuring 
the arc from an arbitmry point. Placing n = and integrating the last equa- 
tion we have 

( = c s(»e kti ( 15) 

as a necessary condition for the form of the function t. 

It follows from the foregoing that, if the ecjuations (12) are to satisty (9), 
they nuist lx» consistent with (15). Comparison with (14) giyes as necessary 
relations between the coefficients 

Ai/Ji -h A^.I^i + visits = 0. 

[to bk coxtixukd.] 
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[CONTINUED FROM THE JANUARY NUMBER. PAGE 92. J 

Conversely, if the seven constants A^ B^ and c are merely so chosen as to sat- 
isfy these three relations and t is then detonnlned by (l.*)), the functions 
f, 17, t will satisfy (14) and hence j*, //, z will satisfy (9). 

By multiplying each of the e(|uations (12) by ( 15), and placing -A^r = </,-, 
BiC = 6<, we have the theorem : 

The equations of any geodesic lins may be put into the form 



if = 



V = 



//• = 



a 1 1 , 

-5- tan ks + Ou 
A' 

cu , , 

-r- tan ks + />o, 

A' 

ag 

J- tan ks + 6,, 



f z= c sec A*^, 



(16) 



where the constants are connected by the relations 






} 



(17) 



and^ conversely^ any eqtuitions of the form (16) where the constants satisfy (17) 
represent a geodesic line^ if they are satisfied by any points lying in the space 
under consideration. 

It is important to know that to any geodesic line rorresponds only one set 
of the above constants^ except that all thesignj<of Wj, eig* «» andcmayf/e changed^ 
and conversely. For, a geodesic line is completely detennined by a point 
(^0^ //o» ^o) <^" 't and a direction (a, )8, 7), where the signs of all three of the 
quantities a, )8, 7 may be changed without altering the line. Then .Vq, the value 
of /« corresponding t<> (^o»//o»2o)» 1^ d<»tennined by 

tan ksQ = a tan kx^ + fi tan ky^ + 7 tan kz^^ 



which is obtained by diiferentiating the last of equations (6) and (16). The 
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value of Hq'ib unique within reHtricted portions of space. The value of c is then 
determined by 

c sec kSf^ = sec kx^ sec kr/^ sec kz^^ 

and the values of ai, o^, a^ are found by differentiating the first three of equa- 
tions (6) and (16). These latter values depend linearly on «, fiy y. Finally 
61,62,6 are found from (6) and (16). In this way all the constants are 
uniquely determined. The c^on verse is proved by noticing Uiat if the equations 
(It)) are given and if, in conjunction with (6), they determine a line lying in 
the space under consideration, the direction of this geodesic is uniquely deter- 
mined at any one of its points, and therefore the geodesic is unique. No curve at 
all results from the equations, however, unless at least one point (xq, yo, z^^) within 
the space considered satisfies the equations. 

The equations of the geodesic line are readily written in terms of any 
point upon it. For, let t^, Vq^ Wq correspond to any such point and let Sq be the 
corresponding value of /f. These values determine 6 , 62, 63 and the first three 
of equations (16) become 

u = * (tan ktf — tan kso) -h t/©, 
k 



?• = -^ (tan ks — tan kn^) -h v^y 
k 



ir 



<H 



= ^ (tan ks — tan kn^) -|- Wq, 



(19) 



These are of the form 



U — Ml 



Ct 



r — y, 



^-2 



« ^ ?r - t^ 



Conventelt/y any eqiiations of the form 

- = - - ^ 

C| C2 Cg 

when Uq^ v^^, //;„ correspond to a point (a;©, ^q, z^) of space ^ determifie a geodesic 
line. 

For, the e<iuations may be written 



(t« 



>*• — % ^ ^1- 



JD^ • "^MP" 




*— Tb 







~ft^ 



It 



1% ^ aw^— wi^^s^ t. 



1 ^ ■c^ ^ •c^ ^ t. 



9m^ ^S^ 






-*? •? 



•- sr 



3^ 



HI 
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Any geodesic surface is represented by a linear equation in u, t;, w ; andy 
conversely^ any linear equation in m, v, w represents a geodesic surface^ if it 
represents anything at all in space. 

Any point of a geodesic surface may he taken as the vertex of a generating 
pencil of geodesic lines. 

The forms of the equations of geodesic lines and surfaces are the same as 
those of straight lines and planes in Euclidean geometry. They have, there- 
fore, in common with straight lines and planes those properties which may 
be deduced from the forms of the equations. In particular we note the fol- 
lowing : 

Thegkem 8. Any three points not in the same geodesic line and lying in 
a restricted portion of space determine a geodesic surface. 

Theorbm 9. If two points on a geodesic surface are connected by a geo- 
desic line^ the line lies wholly on the surface. 

Theorem 10. Any two geodesic surfaces intersect in a geodesic line if they 
intersect at all. 

7. Displaoements. We shall now show that our space satisfies the 
third hypothesis. 

For that purjMwo it will be convenient to introduce an auxiliary space, 
which shall Im» Kuclidean in its projjerties and in which w, r, and w shall be 
the rectangular Cartesian coordinators of a |K)int. This auxiliary space we shall 
denote by S\ while the space of (Constant curvature, whose properties we are 
investigating, we shall call S, The quantities m, r, w have then a double 
interpretation ; on th*» one liand, in N, they are defined by ((>), on the other 
hand in S' they are ordinary Caitesian coordinates. We thus establish a point 
for point correspondence between S and S' by which geodesic lines and sur- 
fiu^es in S correspond respectively to straight lines and planes in 8' . 

We i)roc(M»d now to ask what corresponds in S^ to the geodesic distance 
between two points in S, For that purpose consider the e<i nation of a geodesic 
line in the form ( 1() ) and let A and B be two points u{X)n it, to which coiTespond 
i-espectively the values s^, n^, rj, w^ and «j, w^, r^, w^. Then the geodesic dis- 
tance between A and B is .s^ — .Vj. From the equations of the geodesic line, 
with regard to the relations (17) which connect the constants, we readily 
compute' 
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k^(UiU2 -f v, Vj + WiW^) -f I = c* (tan A'/fj tan ks^ 4- 1 ) 

**(Wi -f Vi -f '^) -f 1 = rr*8ec**r/«i, 

** (t4 + ^2 -f '^) + 1 = ^^ sec* A-^j, 
whence follows 



cos («2 — ''l) = 



^k'{u\-h v\ + i^Tf) + 1 VA:*(i4-|- v|-|- t£^) 4- 1 



This formula which we have obtained in S has a good significance in xS'. 
For let us take in S^ the quadric surface 

as the fundamental quadric in a Cayley system of projective measurement. 
Then, if ilf isthe distance between two points (W|, Vi, Wi) and (Uj, Vj, t^j), we 
have, in accordance with a well known formula of projective geometry, 

cos iw = 



VA»(«f + ti + M.») + 1 VA'(t4 + r| + M^) + 1 
and hence 

^r/ = •'<2 — ^1* 

Hence we may say : If we adopt in SC a system of projective mecumremerU 
referred to the qiuidric surjace 

k*(u^ -f v^ -h /r«) -h 1 = 0, 

then the geodesic distance between two points in 3 is equal to the projective dis- 
tance between the two corresponding points in 3'. 

Now in order that we may obtain a displacement in 3 it is necessary and 
ouiiicient that we find a continuous one-to-one coiTespondence between the 
points of 3 by means of which geodesic lines go into geodesic lines and the 
length of any portion of a geodesic line is unchanged. That these conditions 
are necessary^ was shown in §4; that they are sufficient may be shown by 
considering the line element as the length of a geodesic line between two in- 
definitely near points (x, y, z) and {x + dx^ // + rfy, z -f dz). 

To any displacement in 3 corresponds accordingly a ti*ansfoniiation in 3' 
by which stmight lines go into straight lines and the projective length of any 
portion of a straight line is unchanged. 
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The projective geometry teaches that the transformations with these prop- 
erties are the coliineations of which the quadric surface 

is an invariant. Accordingly we may say : 

The displacements in S correspond to the collineations in aV of which 

ki(tii -I- r« H- jr>) -h 1 =0 

is an invariant ; and conversely. 

These collineations are readily written down. They are 

" Sj t/ 4- Sj r -h Sj ?/• -h ^4 ' 

^,,^A«+^f + ^,,r + ^, L (18) 

5,11-1- t^v -I- S3?r -h 84 

Si M -h Sg r -h 8s "^ + ^4 ' 

where |«i/82 78^4 1 ^0, and the sixteen eonstant^* are connected by the ten 
conditions : 

Ar*(aJ.h« + 75) + S? = ^; (1= 1, 2, H) 

«c«* + fiifik + 7.-7fc + S,«A = 0. (/, // = K 2, 3, 4; t ;t A) j 

We now need to show that the displacements (18) satisfy the demands of 
the third hypothesis. To prove this directly we might show first that the 
angle between two geodesic lines in S is equal to the angle between the corre- 
sponding lines in 8\ provided the latter angle is measured with reference to 
the quadric surface 

A;2(W« ^ Vi ^ ,/'2^ +1=0. 

We might then show directly that the third hypothesis is satisfied in 8\ 
and hence in S, But this method would demand extended reckoning. We 
shall choose an indirect method and shall show first that the third hypothesis is 
satisfied in a particular point, the origin, and shall then show that it is conse- 
quently satisfied in any point of space. 

Consider then the origin. The origin is unique in our system of coordi- 
nates because there, and there only, the angle between two intersecting geo- 
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desio lines in S is equal to the Euclidean angle between the two oorresponding 
straight lines in S'. 

To show this, consider a geodesic line in the form ( 16) . li this line goes 
through the origin with the direction (fi» f«, fs), we have by appljdng the 
methods of p. 93, 

Sq = 0, 6, = Ag = 63 = 0, 

«, = fi, aj = fa, 03 = ^8* c = i 1. 
The equation of §2 for the angle between two such lines becomes 

= a, a,' -I- Og o^ -I- a, oj. 
The corresponding straight lines in S' are 



u 




V 




w 




s= 


— 


^s 




«1 




0, 




ttg 


u 




V 




w 


§ 


ss 


g 


— ~ 


a 


a[ 




a't 




a'i 



and 

whence, if ^ is the Euclidean angle between them, 

cos ^ = a| aj + O) o^ + a^ Os 
= cos 0, 

With proper conventions as to corresponding angles, we have 

4> = 0. 

Consider now a displacement in 8 for which the origin is a fixed point« 
From (18) and (19), it will correspond in aS" to a coUineation of the t3rpe 

where 

«} + ^+7j= 1, (1=1,2,3) 

«£«* + A/8*-f 7<7i^ = 0. (t,A= 1,2,3; t ;^ A) 

This is a Euclidean rotation about the origin, or a rotation combined with 
a reflection on one of the coordinate planes, according as |«i)8|78{ = ± 1. 
We shall use the rotation only and shall denote it by (It). Let now Of ami 
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OL be aay.two geodesic lines in 8 intersecting at the origin and let OM and 
Oi^Tbe any two other lines, such that the angle KOL equals the angle MON. 
We wish to show that there exists a displacement by which Of' becomes OM 
j^nd OL becomes ON. 

In S^ we have four corresponding straight lines O'A'', 0^L\ O^M^^ O^IP 
such that the Euclidean angle ITO^L* equals the angle M'O^N', Now there 
exists in 8^ a rotation (i?) by which O' K^ may be brought into coincidence 
with O'M' and OL' with O'N', This is a well known fact which of course 
has its analytic proof. Hence we conclude that the required displacement 
exists in S. 

JTie third hypothesis is accordingly satisfied at the origin. 

We shall now show that the hypothesis is satisfied at any point of space. 
Let P be any point of 8 and PK^ PL^ PM^ PNtoxxr geodesic lines such that 
the angle KPL equals the angle MPN, We wish to show that there exists 
a transformation of type (18) by which PK goes into PM and PL into PN. 
Among the transformations (18) there are oo^ transformationis by means of 
which P goes into O. Take any particular one of these, no matter which,: 
and call it T, IM PK, PL, Pit/ and PJV become O/T,, 0Z„ 03fi and ONi 
by means of T. Then the angle KiOLi equals the angle MiONi, since all 
displacements preserve angles. Then there exists, as we have seen, a dis- 
placement Ri by which OKi goes into OMi, and OL^ into ON^. Let T""* be 
the inverse transformation of T, Then, if we carry out in order the trans- 
formations T, 7?i, and T~^ we have a transfoniiation which transforms PK 
into PM B.x\A PL into PN. Moreover, this transformation is of type (18). 
This follows geometrically from the fact that all the transfonnations we have 
used are coUineations of which 

k^{u^ + v* -f w?«) + 1 = 

is invariant, and ( 18) is the general form of such a collineation. 

Hence the third hypothesis is satisfied in any space of constant curvature. 

We are accordingly justified in proving general propositions by taking 
the lines involved in any convenient position. We may, for example, apply 
to any geodesic line, a result already proved for the line OX and may state 
the following theorem : 

Thkorem 11. Within a properly restricted portion of a geodesic surface, 
one and only one geodesic line can be drawn perpendicular to a given geodesic 
line from a point outside of it. 
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Oorollary. Within a properly restricted portion of space, one and only 
one perpendicular can he drawn to a geodesic surface from a point outside of it. 

8. Space of Zero Curvature. If A: = 0, Riemann's form of the Hrq 

element is 

ds^ = dj'? + dy^ -+- dz^. 

The coordinates of the direction (fi, fa* fs) ^^ * geodesic line are connected 
by the relation 

Pi + f2 + S = 1 

and the angle between two geodesic lines is given by the formula 

The differential equations of the geodesic lines are 

^«^_0 "^^-0 '^''-O 

rf^-^' d^"^' d?-^* 

The general equations of the geodesic lines are, therefore, 

x-^ bi __ y — h^ _ z ^ bj _ 
«! a^ a, 

where «i -h ^4 -^ ^8 = !• 

The equation of the geodesic surfaces is 

Ix -+- my -f w« -I- /> = 0. 

It is evident that the coordinates x, y and z are eqaivulent to u^ v and w 
of the previous paragraphs, and that Theorems l-l 1 still hold. In addition we 
may deduce a theorem relating to the angles of a triangle which is peculiar to 
a space of zero curvature. Before stating the theorem, however, we need to 
make the conceptions of a triangle and of the angles of a triangle precise. 

If we select, in the region in which Theorems 1-11 hold, erny three points 
not in the same geodesic line, we may connect them in pairs by geodesic lines 
and pass a geodesic surface through them. The geodesic lines lie then on this 
geodesic surface, and the portion of the latter bounded by them we call a trv- 
angle. The ti-iangle divides the points of the surface not lying on its sides into 
two classes, interior and exterior points of the tiiangle. 
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To remove the ambiguity inherent in the determination of an angle from 
the formula above ^iven, we may make the following convention as to the an- 
gles of a triangle. If the vertices of the triangle are A^ By and G^ the angle 
at A shall be determined by considering the geodesic lines which radiate from 
A and enter the triangle ABC. If now a variable line is considered to start 
from coincidence with AB and take successively the positions of all these lines 
until it coincides with AC^ the angle made by the varying line with AB 
varies continuously from zero to a final value A^ which we call the angle A of 
the triangle. We may now state the theorem : 

Throkem 12. Within a properly restricted region of a space of zero cur- 
vature^ the sum of the angles of any triangle equals ir. 

It will be sufficient to prove this theorem for right triangles, for any tri- 
angle may be divided into two right triangles by dropping a perpendicular 
from any vertex to the opposite side, and if the theorem is true for the two 
right triangles thus formed, it is evidently true for the original triangle. 

Consider the geodesic surfac*e 2r = 0, and a {K)int A of which the {xyz)- 
coordinates are (0, jj, 0), where^ is positive. Let A and (7(0, 0,0) deter- 
mine a geodesic line, on which the direction AC \s that of the increasing s. 
Then the direction ot AC \s (ai = 0, a, = — 1, Oj = 0). 




Consider now a moving geodesic turning about A continuously in one 
direction, thereby fixing the angled between AC and AP, By Theorem 1, 
this line will meet C7Xat the beginning of its motion. For convenience we 
take the direction of motion to be such that AP meets C7Xonthe positive side 
of the origin. Let AM be the first position in which the moving geodesic is 
peqx*ndieular to AC. If the directi<m of the increasing s is always taken 
fn>m A^ the dinvtion of ^.^/is ()8, = 1, /S^ = 0, /Sj = 0). Then the direc- 
tion of AP is 

f^ = a, cos $ -^ ffi sin $ = sin $, 
{, = O) cos + f^ sin = — cos 0^ 
fj = a, cos * -h /8s sin * = 0, 
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and henc« the equations of AP are 

X = 8 sin 0, 

y zn — H cos tf -h />, 

z =0. 

Let now AB be a line ^P which meets QX^ and let B be (0, q^ 0), 
where, by the conventions made, q is positive. If we denote by A the angle 
OABy we have from the equations of the line 



Similarly we may show that 



tan^ = ^. 



teni? = ^, 



and hence 

cotjB = tan A. 

Since p and q are both positive, and A and B are both acute angles, 

IT 

The angle (7 = — , and hence we have -4-h-6-h (7 = 9r, as was to be proved. 

As has been repeatedly said, the theorems so far obtained have been shown 
to be valid only in a region in which there exists a one-to-one relation between 
the points of space and the coordinates (x, y, 2;). It is, however, possible to 
demand that this relation exist for the entire space and all possible values of 
the coordinates. In this case we have 

Euclidean Space. 

Here all the theorems so far deduced hold without restriction, and we have 
in addition two others of interest. 

Theorem 13. In Euclidean space every geodesic line is of infinite length. 

This follows at once from the form of the equations. 

Theorem 14. On any geodesic surf ace in Euclidean space, one and only 
one geodesic line can be drawn through a given point parallel to a given geodesic 
line ; any other geodesic line through the point intersects the given geodesic. 

We define parallel lines as follows : A geodesic line through a given 
point is said to be parallel to a given geodesic line, when it is the limit ap- 
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preached by a geodesic line through the given point interacting the given 
geodesic, ns the point of intersection becomes indefinitely remote. 

The truth of the theorem then follows from the equations used in proving 
Theorem (12). We had there 

4 Q 

tan yi = - , 

As the f>oint H recedes itidefinitely in either direction, the angle A approaches 
- , and the fmrallol line is ^1 3/. Any other value of A determines q when p 

is fixed. 

These fourteen theorems form the groundwork of Euclidean geometry. 

Euclidean Hpnce is not however the only conceivable space of zero curva- 
ture. A syntematic investigation of all possible cases seems to l>e yet lacking, 
although the general lines on which such an investigation would proceed have 
been marked out by Klein and some of the problems have been attacked by 
Killing.* We will content, ourselves with mentioning three possibilities. 

First, we may supfK)se that to all points with coordinates {x + '^i Ci , 
1/ -f 11^ fa, r -h /i3<'i) where Ci, r^, r^ aiv constants, and fii, /j^, /I3 are any posi- 
tive or negative integers, shall correspond the same point of space. Such a 
conception presents no difficulty, at least analytically. Our space is then rep- 
resented iH)int for point by the interior of a rectangular parallelepiped in 
Euclidean s[)aee« the lengths of the edges of the parallelopiped l)eing Ci, c^and 
«*j resjKH^tively and the opiK>site faces corresponding point for point with one 
another. For any (K>rtion of space lying within this parallelopiped. Theorems 
l-li hold, but Theoi*©ms 13 and 14 are not alwavs true. For, the lines 
^^x = const., y = iH>n8t,),(// = const,, ^ = const.) and (5r = const., a-= const.) 
an* wrtainly finitv in length, and for these lines the theorem of parallels 
ci^aiii^s ti> hold. Moreover triangles may be constructed within the entire space 
thus defined ti>r which ThtH^nMU 1^ is not true. 

Two other examples of s|iaces of zero curvature may be derived from the 
preoeiling by considering that one or twi^ of the edges of the parallelopiped 
an* indefinite in extent. 

9, Space of Constant Negative Curvature. If X- = / // wher^ R 

id a iv^al v)uantit\ , the sjiaiv is one of iH>nstant neimiive ounaturv. — 1 \ff*. 
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The element of arc may be written 

d«* = cosh* -5 cosh* -^ dx* -f- cosh*^ rfy* -f- rf^» 

a^d the functions u^ v, w, t are 

u =i R tanh -^ , 

Jtx 

V = R sech "Tj tanh ■— , 

w = /isech-^ sech-~ tanh-^, 

Ji M Ji 

* . . . 

< = sech -^ sech ^ sech -^ . 
/i /i /i 

To any set of real values of (x, y, 2;) correspond then one and only one real 
set of values of w, v, Wy t. Since, however, sech is numerically not greater 
than unity for real values of tf, t is numerically less than unity. That is 

^ ^« ^ 1 
and consequently 

^ u« + t;2 ^. w?» ^ /P 

for real values of x, y, and z. Conversely, it is readily proved that to any 
real values of u^v^w satisfying the above conditions correspond one and only 
one set of values of x, y, and z. 

The angles of a triangle obey the following theorem : 

Theorem 12'. In a properly restricted portion of a space of comttantneg- 
(dive cui^ature^ the sum of the angles of any triangle is less than ir. 

We may employ the construction and figure of the previous paragraph, 
but the analytic work will be different. The direction of the line AP must 
satisfy the relations, 

Ifeosh^l +f| = 1 , I, = 0. 

In particular, the direction of -46^ is (ai = 0, o^ = — 1, «» = 0) and of AJd 
{fii = sech^, fi^ = 0, /Sg = 0). Hence 

P 
f, = sinO sech-^, f ^ = -*- costf, fg = 0. 
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Bj (19), $6 the eqnmtions of AP are 

«f = JBtaoh^= OiJRrtanh^-tanh^T 

idiere «t is the valae of s for the point A. From ( 16), $6, 

secD "^z ^^ c seco "^^ > 

Hence, by differentiating the equations of AP and sabetitating the coordiuatea 
ofii, 

fi = oi sech<^ = ^ 8ech«^, 

sech* ^ f f = Of sech*^ = ~ sech*^ - 

Therefore a| = c* sin^ cosh^ , 

a, = — c^ COS0, 
and the equations of AP may therefore be written 

« = - tan ^ cosh^ ^r - /ftanh^^ . 

The line AB is satisfied by placing x = 9, y = 0, 0=^; whence 

tan^ = . 

sinh^ 

Ah 

tanh^ 

Similarly tan^ = , 

sinh-^ 

and hence tan ^4 tan B = 



cosh ^ cosh -~ 
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Since p and q are both positive, ^ < — , ^ < — , and tan^ tanjS < 1 ; 

L It 



hence 



^+i*<f 



and A->r B ^ C <ir. 

The theorem therefore holds for right triangles and consequently for all tri- 
angles. 

We obtain the simplest example of space of constant negative curvature 
in assuming that a one-to-one correspondence exists between our entire space 
and the {x^ y^ z) coordinates. We have then the 

Space of Lobachevsky, Boltai and Gauss. 

Within this space, Theorems 1-11 hold universally. In addition we 
have the following theorems : 

Theorem 13'. All geodesic lines are infinite in length. 

This follows at once from the equations. 

Theorem 14'. On any geodesic surface^ two geodesic lines can be drawn 
through a given point parallel to a geodesic line ; all other geodesic lines through 
the given point are separated by the two parallel lines into two sets^ one set con- 
sisting of lines which intersect the given geodesic line^ the other of lines which 
do not. 

The definition of parallels remains the same as in Euclidean space. The 
truth of the theorem follows from the equation 



M = — tand cosh^ Iv — R tanh^ j 



deduced above for a line through (x = 0, y = j:?, « = 0) in the plane 2 = 0. 
This line intersects OX^ or v = 0, in the point 

u =z li sinh"^ tan d, v = 0, w z=z 0, 

These values correspond to real, infinite, or imaginary values of as, y, z accord* 
ing as 

IP 8inh^% tan^tf < , = , or > ^. 
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Let a be the smallest value of for which 

/P8inh«^tan«tf = fi* ; 

v a^ — f ' 

then cot a = sinh ^ = - — 

R 2 

whence e* = cot ^a, 

a = 2 cot~* e* 

It is now clear that if ^ < «, the geodesic line intersects the line OX, the 
point of intersection receding indefinitely as approaches a ; if a < < w ^ a^ 
the geodesic line does not intersect OX; if tt — a < ^ ^ tt, the geodesic again 
intersects OX. This establishes the theorem. 

We have thus the groundwork of Lobachevsky's geonietrj'.* 
Kleinf has pointed out that other examples of space of constant curvature 
may be found by considering the polyedrons used by Poincar6 in his investi- 
gations of the Klein groups. The details of the work are yet to be carried out. 

10. Space of Constant Positive Curvature. If k = l/JR, where 

i2 is a real quantity, the space is one of constant positive cur>'ature l/IP, 
The functions ii, v, tr, t are then 

u = R tan -^ , 
R 

V = R sec -^ tan -^ , 
R rC 

.^ X If z 

w = R sec ^ sec ^ tan ^ , 
R R R 

X If z 

t = sec 73 sec 75 sec -^ , 
1\ t( R 

It appears that m, v, w, t are single valued functions of x, y, 2, but the con- 
verse is not true. 

If we limit ourselves to such a portion of space that a one-to-one relation 
exists between its points and the coordinates (w, r, w^ and (x, j/j z)j Theo- 
rems 1-11 of the preceding paragraphs hold. In addition we have the follow^ 
ing theorem : 



* Cf, Ztoet geometriscf^e AbhatuHnni/en^ German translation by Engel, Leipzig, 1899. 
t Math. Annaletit vol. 87 (1890), p. 544. 
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Theorem 12". In a properly restricted portion of a space of constant pos- 
itive curvature J the sum of the angles of any triangle is greater than ir. 

The proof runs exactly parallel with the proof of the corresponding theo- 
rem in space of constant negative curvature. 

We obtain an example of a space of constant positive curvature, if we as- 
sume that a one-to-one correspondence exists between the points of space and 
all the triples of values (u, v, w). We have then 

Simple Space of Constant Positive Curvature. 

Within this space, the following distinctive theorems are derived from the 
equations of the geodesic lines : 

Every geodesic line is of constant finite length irR, 

All geodesic lines intersecting in a point return again to their point of in- 
tersectioHj and have besides no point in common. 

There are no parallel lines in this space. 

Another exam{)le of a space of constant curvature is obt'iined if we assume 
that a one-to-one correspondence exists between the points of space and the sets 
of four values (w, v, w^ t) where 

We have then the 

Double Space of Constant Positive Curvature. 

Within this space the distinctive theorems hold : 

Every geodesic line is of constant finite length iirR. 

All geodesic lines intersecting in a point intersect again in a point at a 
distance irRfrom the point of intersection and then return to the point of in- 
tersection. 

Parallel lines do not exist in this space either. 

In the double-space the geometry on the geodesic surfaces is identical 
with that on the surface of a sphere in Euclidean space. In the simple space 
the geometry on- a geodesic surface is that which would be obtained in Euclid- 
ean space by the projection of the surface of the sphere from its centre upon a 
plane. 

For further discussicm, the reader is referred to the last cited work of 
Killing. 
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U. Relation of our Kesults to the Facts of Experience. 

There remains yet the problem to enquire how far the foregoing systems of 
geometry explain the facts of experience. To deal with this question ex- 
haustively would require more space than is at our disposal. We must content 
ourselves with a mere outline of the treatment. 

We do not wish to discuss the metaphysical questions involved. To some 
minds the space conceptions which underlie Euclid's work, including his theo- 
ries of parallels and of the infinite extension of space, are a priori true, and 
no others conceivable. With those who hold this opmion we have no argu- 
ment for we meet them on no common ground. We take the standpoint that 
our knowledge of external space comes to us solely from experience. A sys- 
tem of geometry is an attempt to explain certain facts of experience and, na 
long as the system is self-consistent, its objective truth or falsity can be judged 
only by its success in so doing. 

W^e assert : Any one of the systems oj geometry derived from the hypoth^ 
eses of this article is^ as far as our present knowledge goes^ in full accord with 
all facts of experiencCy provided suitable values are given to the constants in" 
volved in each system. 

Experience is necessarily limited to a finite extent of space. Observation 
and measurement can never extend beyond the most remote astronomical ob- 
jects, and this dist'mce can well be very small compared with the full extent of 
objective space. Hence any geometry which agrees with experience only for 
a restricted portion of space will ser\'e quite as well as Euclid's geometry for 
explaining the facts of experience. In fact we are not justified in going out- 
side of such a restricted portion of space. Any assumptions, for example, 
as to the existence or the nature of parallel lines, the connectivity of sp)ice« 
or the displacement of space as a whole, are only justified in case they produce 
results which would be visible in an arbitrarily small regi(m of space. 

The geodesic lines of any space of constant curvature have for a suitably 
restricted portion of their length all the properties of the ^straight lines'* of 
practical life or of Euclidean geometry. In the endeavor to construct a mate- 
rial line which shall be as nearly as possible ^ straight," we may proceed l>y 
attempting to realize the shortest distance between two points; for example* 
by free-hand drawing, by stretching a string, or by observing the path of a ray of 
light. The result is simply a geodesic line by definition. Or, we may look 
for a line which may be revolved upon itself when two points are fixed. This 
is also a pro|)erty of a geodesic line in a space of constant curvature, by virtae 
of the third hypothesis. 
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A geodesic surface has the properties of a ** plane." The practical testing 
of a plane surface by the application of a " straight '* edge has its full signifi- 
cance in a space of constant curvature. 

The practical measurement of length and angle gives no criterion as to the 
curvature of space. Such measurement consists of the assumption of a unit 
and the application of the unit to the thing measured. These operations are 
carried out without hindrance in any space of constant curvature. In fact the 
difference between a space of constant curvature and Euclidean space is not in 
the manner in which measurement is practically carried out but in the analytic 
interpretation of the process. So, more generally, any geometric figure 
may be carried without distortion from one portion of space of constant cur- 
vature to another, so that all properties of figures are independent of the 
positions of the figures in space. 

From these considerations it appears that the groundwork of experi- 
mental geometry is unaltered by an assumption as to the curvature of space, 
provided the curvature is constant. Referring to the theorems of the preced- 
ing pages, we see that all spaces of constant curvature agree in the first eleven 
theorems. A distinction appears first in the twelfth theorem. Here we have 
apparently a means at hand to determine precisely the curvature of external 
space by measuring the angles of a triangle. The test however fails, owing to 
the practical impossibility of exact measurements. All we can discover is 
that the sum of the angles of a triangle does not differ very much from tt. 
And now it is possible to show that if the sides of a triangle in a space of 
constant curvature, ± 1/i?^, are suflSciently small compared with R the diver- 
gence of the sum of its angles from tt is within the limits of the errors of ob- 
servation.* We can say only this : If the space of experience is of constant 
curvature ± l/B^y R must be very large compared with the distance between any 
two points lying in that part of space in which measurement is possible. 

•To complete our argument, we need to ask whether other crucial theorems 
may not be developed, by means of which the cui'vature of space may be practi- 
cally determined. At present, no such theorem has been found. Euclidean 
geometry in finite space may be derived from our first twelve theorems, and 
the geometry in a space of constant curvature agrees, as far as has been shown, 
with Euclidean geometry within the limits of error of observation. 

There are still questions to be solved, however, notably in regard to the 

* See for example the calculation In Lobachevsky's Zwei geometriaehe Abhandlungen, 
translated by F. Bngel. pp. 22-24. 
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connectivity of different spaces of constant curyature. It is only within the last 
twenty-five years that the possibility has been recognized of the existence of. 
such spaces as that represented by the parallelopiped of §8, and of similar 
forms with other cui-vature. Consequently many theorems stated in the ear- 
lier papers as universally true are now known to be false, or true only in a re- 
stricted portion of space. For example, a space or a surface of zero curvature 
is not necessarily infinite in extent ; two " straight " lines in a space of zero 
curvature may meet in more than one point ; and the sum of the angles of a 
triangle in a space of zero curvature may exceed tt, if the surfieu^e of the trian- 
gle covers a suflSciently large area. It is possible that a more careful study 
of these spaces may yet reveal properties which render them unfit to explain 
the facts of experience, but at present no such properties have been found. 

If we are satisfied that the geometries belonging to spaces of constant cur- 
vature explain experience, the question naturally arises : Are these the only 
sy stems of geometry which do sof An answer to this question may be at- 
tempted by building up synthetically systems of geometry after the manner of 
Euclid, but with the assumption of the fewest possible axioms. The most re- 
cent example of this mode of procedure is found in the elegant work of Hil- 
bert on the Foundations of Geometry.* 

If we maintain the analytic methods of this article, the question demands 
an examination of our three hypotheses. They have been shown to be suffi- 
cient to explain experience ; the question now is as to their necessity. As to 
the first hypothesis it is evident that it must be made, if space is to be treated 
by the ordinary methods of analysis. With the second hypothesis the case is 
not so clear, since we have assumed the line element arbitrarily. Helmholtz, 
however, has obtained this line element as a consequence of certain axioms of 
motion, which include our third hypothesis. Lie* ifas shown that Helmholtz's 
axioms and methods need a thorough revision, but his results remain essen- 
tially unaltered. We are, accordingly, justified in saying that no explanation 
of spatial phenomena has yet been given without the assumption of axioms 
which lead necessarily to our three hypotheses. 

Massachusetts I nstitute op Technology, 
Boston, December lUOl. 



* Orundlagen der Gcometrie, Festschrift zur Feler der EnthiillaDg des Gauss- Weber-Denk- 
mals ill Gottingen, Teubner, 1899. 

*yt' Lie-Eiigel : Theorie der Transformationsgruppent vol. 3, pp. 437-543. See also Klein, 
Lectures on Mathematics, I.e. 
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BRILLIANT POINTS AND LOCI OF BRILLIANT POINTS.* 

By W. H. Roever. 

1. Introduction. When a ray of light meets a polished surface it is 
reflected according to the following laws : 

The incident ray, the reflected ray, and the normal to the reflecting surface 
at the point of reflection lie in one plane. This plane is called the 
plane of reflection. 

In the plane of reflection, the incident ray and the reflected ray lie on 
opposite sides of the normal and on the s:ime side of the tangent. 

The incident ray and the reflected r:iy make equal angles with the normal. 

These laws are inferred from experiments in which pencils of light are re- 
flected from ])olished planes. 

The points of reflection of those reflected rays which pass through the 
pupil of an observer*s eye are, for the observer, luminous points, and are called 
brilliant points.^ The points of reflection of those reflected rays which, when 
produced backward, pierce the pupil of an observer's eye are not luminous, 
and are sometimes called virtual brilliant points. Virtual brilliant points pre- 
sent themselves in the analytic treatment when certain equations are freed from 
radicals. 

Tubular surfaces are envelopes of spheres of constant radii whose centres 
are situated in a given space curve which is called the axis of the tube. As 
the radius of a tubular surface approaches zero, its brilliant points approach 
points in the axis. The axis is the given space curve, and this fact suggests 
the definiti<m of a brilliant point of a space curve. 

It is evident that the position of a brilliant point depends upon the posi- 
tion of the observer's eye, the position and nature of the source of light, and 
the position of the reflecting surface. Hence when the surface, source or eye 
moves, or when the surface changes its shape or size, the brilliant points move. 
The locus of a brilliant point may be a curve, a surface or a region of more 

* Presented to the American Mathematical Society at its meetlnj^, 22 February, 1902. A 
commuDlcation on this subject has been made to The Academy of Science of St. Louis; ef. 
Trans. Acad. 8ci. of JSt. Louis, vol. x, No 11 (1900), p. Ixii. 

t Alhazeii (A. D. 9S7-1038) determined geometrically the brilliant points of a concave mirror 
when the source and the recipient are given. Cf. Ball, A Short History of Mathematics, p. 167. 
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dimensions. When it is a curve, it is called a brilliant curvef and when aaar- 
&ce, a brilliant surface. Owing to the fact that the impression of an image 
on the retina of the eye remains for some time after the object which has pro- 
duced it has disappeared or become displaced, it is possible for us to perceive 
the brilliant curve when the illuminated polished surface is rapidly moved. 

A striking example of this fi&ct is presented by an illuminated polished rod 
which is rapidly i^otated. When the rod is of small radius and the axis of rota- 
tion intersects and is perpendicular to the rod, the brilliant curve lies in a 
plane. Fig. 3 illustrates this case. The plane of the paper represents the 
plane of rotation, PI and Pi are the projections of the source of light and of 
tlie eye respectively on this plane, and Zi and z^ are the distances of the light 
and of the eye above the plane. The heavy full line represents the visible por- 
tion of the brilliant curve. This curve may be seen in a carriage wheel. In 
this case the soun*e of light is either the sun or a street lamp. Owing to the 
great distances of the source of light and the eye of the observer from the hub 
of the wheel (great in comparison with thediameterof the wheel), the brilliant 
can e looks like a straight line passing through the hub, and on account of the 
motion of the i^arriage this line continually changes its position. 

Closely {lacked assemblages of brilliant points look like continuous regions 
of liglit when the consecutive brilliant points are so near each other that the 
eye can not seiiarate them. An example of this is presented by a circular saw 
which has been jK>lished with emery in a lathe. The consecutive scratches 
made by the particles of emery are so close that their corresponding brilliant 
[H>ints are t<H> close to be separated by the eye. Each scratch may be consid- 
ered as being the special position of a variable scratch, and hence the isolated 
brilliant points are |K)ints of a brilliant curve. This curve is illustrated by 
Fig. 2 and the photographs. In Fig. 2 the plane of the paper below the line 
-.1^ repre;!!ents the plane of the saw, P{ and P^ are the projections of the source 
of light and of the eye respectively on this plane, and Zi and 2, are the distances 
of the light and of the eye above the plane. The heavy full line represents the 
visible portion of the brilliant curve. The photc^rraphs also show this carve. 
In the latter case the source of light is an electric arc and the eye is replaced 
by the o|>tical centre of the lens of the nunera. It will be observed, in the 
phoU^gnj^vhs^ that near the centra of the saw there is a discontinuity in the 
brilliant curve. This is due to the &ct that« at a small distance from the centre, 
the ci>ncentric cirvufaur scratches are replaced by spind scimtdies, doe to adilEBP- 
enl mode i^if pi^lishing. 
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The most general problem to be discussed in this paper is the following : — 
Required to find the locus of the brilliant points of a two parameter family of 
space curves when the source of light and the eye of an observer are in given 
fixed positions. An example under this case is presented by the rapid rota- 
tion of the saw above referred to, about an axis in its plane. Another ex- 
ample is furnished by a family of parallel polished wires, as for instance the 
wires strung on the arms of a telegraph pole. 

In what has been said above it has been tacitly assumed that the source 
of light is a point and that all the rays reflected at the brilliant points belong 
to a family of right lines each member of which passes through the same point, 
namely, the pupil of the observer's eye. It might be required to find those 
points of reflection for which the reflected rays belong to a family of right 
lines each member of which is normal to a given surface. This given surface 
would be called the recipient. The eye would then be said to be b. point recip- 
ient. A surface to which all the incident rays are normal would be called the 
source. When all the incident rays emanate from a single point, this point 
would be said to be a point source. 

In the present paper I shall confine myself to the brilliant points of 
curves with respect to a point source and a point recipient. 

2. Definition of Brilliant Points. Given the space curve 

^1 {^y y^ z) = 0, F^ (x, y, 2J) = 0, 

a family of right lines emanating from the point Pj, {x^y yj, Zi) called the 
sourcCj a family of right lines emanating from the point Pg, {t^^ y^j z^) called 
the recipient. The point Pq* (^o> y^ ^o) is said to be a brilliant point of the 
space curve Pj = 0, Pg = with respect to the points Pj and Pg when the 
following conditions are fulfilled. 

1. The point Pq is a point of the curve Pj = 0, Pg = ; 

2. The right line PqPi, considered as a whole, and the right line PqPs, 

considei*ed as a whole, make equal angles with the line of intersec- 
tion of their plane with the plane normal to the curve Pj = 0, 
Pg = at Pq. If the two planes coincide, Pq shall still be consid- 
ered as fulfilling this condition. 
This is the most natural definition of the brilliant point of a space curve 
as suggested by that of a surface. Condition 2 is co-extensive with the fol- 
lowing condition. 



lis 



ROEVSR. 



3. The right line Pq ^i* considered as a whole, and the right line Po ^it 
considered as a whole, make equal angles with the right line which 
is tangent to the curve i^i = 0, Pg = at Pq. 

Fig. 1 enables us to see geometrically that Conditions 2 and 3 are co- 
extensive. In the figure, Pq is the centre of a sphere which is pierced in the 
points Ay A by the tangent at Pq to the space curve Pj = 0, jp^ = 0, in the 
point Bi by the right line Pq Pj, in the point B^ by the right line P© Pj, and 
in the point O by the line of intersection of the normal plane and the plane 
of the lines PoPi» PqPs- The great circle through (7 which has Ay A for 
poles is the intersection of the sphere by the plane which is normal to the 
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curve Pi = 0, Pg = at P©. The great circles ABi and AB^ cut the normal 
plane in Z)| and Z).2 respectively. In the right spherical triangles Pj Di C and 
B^D^Cy angle D^CBi = angle D^CB^. By Condition 2, side CBy = side 
CB^. Hence the two triangles are equal and arc ABi=i arc AB^. But this 
is Condition 3. If, on the other hand, we have given arc ABi = arc AB^j it 
follows that arc GBi = arc CB^y and this is Condition 2. 

CloLssification of Brilliant Points. Those brilliant points Pq for which 
the segments of right lines Pq Pi and Pq P^ lie on opposite knappcs of a cone 
of revolution whose axis is the tangent to the space curve at Pq and whose 
vertex is Pqj shall be called actual brilliant points^ and those for which these 
segments lie on the same knappe shall be called virtual brilliant points. 
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When the semi-angle of this cone is a right angle, an ambiguity arises. In 
this case Pq shall be called an actual brilliant point, except when it lies be- 
tween Pi and Pi on the right line PiP^^ In this exceptional case, it shall be 
called a virtual brilliant point. 

If the curve represented by the equations Fi = 0, F^ = be the axis of 
a polished wire of small radius, and if one of the points Pi, P^ be replaced 
by a source of light and the other by the eye of an observer, then the observer 
will see the actual brilliant points as luminous points. 



3. Analytical Conditions. The deduction of the following condi- 
tions will b<^ given in a paper which the author intends to publish in the near 
future. 

The neceasarf/ and sujirient* condition that the point P,{Xy f/,z) shall be 
a brilliant point of the space nti^e Fi(Xj ?/, z) = 0, /'^(a:, y, z) = 0, tvith re- 
spect to the two points Pi,{Xi, //i, 5?,) and Pa,(.C2» y2> ^2) ^"^ 



I 



H 



+ li. 



"dx. 



{X- 



.[ix- 



dFi 






F, (X, y, z) = I 
F.(x,t/,z) = {) ) 

dFt, 

. a/'', 
= 0, 



(«) 



.'/«) + 


dF, 

hz 


.'/I ) + 


dFi 

dz 


•h) + 


cFi 
dz 


#/. ^ -u 


oF, 



(^ 



(^ 



(^ 



dz 



-■>]} 



(/') 



*This condition is sufficient, provided that there are no points at which the surfaces 
Fi = 0, Fi ^ are tangent and hence 



; dy dz 



cFi cF, 



cFx cFx 



= 0, 



(Z dx dx dy 

1=0, 
c F^ cFi d Fj ( Fo 



dz 



cr 



ex cy 
cFi 



and no points at which either^--' = 0, — — ' = 0, — — = or , 

dx dy dz dx 



= 0; 



0, ^^ = 0. ^^ = 0. 
dy cz 
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where 



A,= 



dFi d Fi d Fi 
dx dy dz 



Hi = 



By putting, in equations (a), (b). 



d f I 8 Fi d F\ 

dx dy dz 

8 F^ 8 r^ 8 /^2 

dx dy dz 

•^ -^iy - yi z -Zi 



^2(^' y» ^) = ^ = 0, 



t = 1, 2. 



and hence 



dF., 



= 0, 



8/; 



8ic 

8/\ dF 

dx 



= 0, 



OX 



dy 

dFi dF 

dy " dy ' 



d_F^ 
dz 



= 1, 



dj\ 

dz 



= 0, 



dF dF . . 

in which F(Xyy), - — , — are functions of the variables x and y only, we 

obtain the following theorem : 

The necessary and sufficient condition that the point Fy{x, y) shall be a 
brilliant point of the plane curve F{Xy y) = 0, with respect to the two points 
/i,(xi, yi, Zi) and P^tC^* //«♦ ^i)y ^hich are not in the plane of the curve is 



F(x, y) = 



(«') 



X y 


1 


«i 3/1 


1 


» 2 yi 


1 









+ A 



dF dF 



d£ d_F 
dx dif 

X — x^y — ifi 

d_F d_F 
dr dy 

x-x^ y - yx 
dF dF 



■« 



— 4 3^ ^y 

x-x^y - yi 



= 



(*') 



dx dy 

^ -^y-y^ 

I I ■ 

I^et us denote by a^ and c/2 ^he absolute values of Zi and z^ respectively 
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and by Pi and P^ the projections of the points Pi and Pg on the JT, K plane. 
The condition just stated is the same for the four cases : (2^ = a^, 2^ = ^)9 
(;&j = — ai, «2 = — ^) • (^ = — «i» ^ = ««) » (^1 = ttj, «2 = — Oj) . According 
as we have one of the second two, or one of the first two of these cases, the 
right line Pi P2 cuts the right line P{ Pi between or not between P{ and P^. 
Let us denote by Pi the point between Pj and Pi and by Pj the other point. 
The four points Pp Pi, P,-, Pi form a harmonic range. The coordinates of P| 
and Pj are respectively 



«i 

^1 4" — '^ 
at 



//I + - y^ 

til 

1 +-' 






«1 

"8 
«2 



Both Pi and /^ satisfy ecjuation (6'), and hence if the curve (a') passes through 
them, they are brilliant points. 

By putting, in equation (6'), z^ = and z^ = 0, we obtain the following 
theorem : 

The neceiisart/ and sufficient condition that the point P,(ir, y) .shalf f^ a 
brilliant point of the plane curve F{x^y) =0, with respect to the two points 
Pi,(a;i, //i) and P2, (Xj, y^), trhich are in the plane of the curve is 



X y 1 









.Vi)] 



I 



+ 



rdF ^ 



^^«) + 



a^ (// - .'/«) J 



a.r a?/ 

dF dF 
dx df/ 



= 



in 



The first factor of the left hand member of equation (/>") vanishes for all 
points of the right line Pi P^. With the exception of Pi and Pj, the second 
&ctor vanishes for 710 point of this right line, except when the line is nonnal 
or tangent to the curve F = 0. To show this, substitute for x and f/ the co- 
ordinates of any point of the right line /*, P^ 



x = 



.^1 -f- h* X».f 



.'/ = 



"1 +A- 
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The second factor of the left hand member of (6") then becomes 






dF 



dF 



dx dy 

^\ — ^^ y\ '^ y« 



This expression vanishes when A: = and when k z= x) , These are the 
coordinates of Pi and P2. For other values of k the expression cannot van- 
ish unless 



either 



dF dF 



(1) 



or 



dF dF 

dx 9// 

Xi — X2 f/i — t/i 



= 0, 



(2) 



If the right line PiP^ and the curve F{Xy y) = meet, equation (1) is the 
necessary and sufficient condition that PiP^ shall be tangent to F = i), and 
equation (2) is the necessary and sufficient condition that P1P2 shall be nor- 
mal U) F= 0. 

4. Loci of Brilliant Points. Sui)pose we have a family of space 
curves given by the e(juations 

^i(^^ yi z^Pi) = 0, 4>2(ii', y, 2, Pi) = 0. (a) 

in which ^i and p^ arc two independent [mrameters. If, after substituting <l>i 
and 4>2 for /\ and F2 in ccjuations (a), (6), we eliminate pi and />2 between 
these throe e(|uations, there results an equation, independent of jPj and ^29 
which is satisfied by the brilliant points of every member of the two parameter 
family of space curves (a). This e((uation represents the surface which is the 
locus of all the brilliant points, i, e. the brilliant surface^ of the given family 
of space curves with respect to the fixed points P^ and P^- When the func- 
tions 4>i and 4>2 are of the form 

^\ (a y, z, pi) = Fi {X, y, z) -7>i, ^2 (-''i y. 2, />2) = F. (.r, y, z) - jy^, 

no elimination is necessary, and equation (6), as it stands, represents the brill- 
iant surface. Similarly, if we have a family of plane curves given by the 
equation 



BRILLIANT POINTS AND LOCI OF BRILLIANT POINTS. 121 

and if, after substituting 4> for F in equations (a'), (6'), we eliminate p be- 
tween these equations, we obtain the equation of the brilliant curve of the 
given family of plane curves (a') with respect to the fixed points Pj and P^, 
which are not in the plane of the cui"ves. When the function <t is of the form 

no elimination is necessary, and equation (6'), as it stands, represents the 
brilliant curve. When both P^ and Pj 'i^ in the plane of the family of curves 
(a'), we obtain the equation of the brilliant curve by eliminating p between 
equations (a"), (6") after substituting <l> for F. In this case the brilliant 
curve consists of two distinct curves, one of which is the right line connect- 
ing Pi and P2. 



Theorem. When the .source and the recipient are in the plane of a family 
of curves^ the brilliant curve of this family and that of its orthogonal tra- 
jectories are identical. The portion of the brilliant crurve^ with the exception of 
the right line P^ P„ which for the one family is the locus of the actual brilliant 
points, is for the other family the locus of the virtual brilliant point^n, and vice 
versa. 

5. Applications, (a) 27ie Saw Curve. Let it be required to find 
the equation of the "saw curve" referred to in the introduction. The curve 
of light seen by an observer and show^n in the accompanying photographs is that 
portion of the brilliant curve which is the locus of the actual brilliant points. 
In Fig. 2 the locus of the actual brilliant points is representc^d by a heavy full 
line and that of the virtual brilliant points by a heav}'^ dashed line. The 
scratches caused by the particles of emery are concentric circles whose com- 
mon centre is the centre of the saw, and hence our family of curves is repre- 
sented by the equation 

,c^ ^ yi -> a^ = 0, (3) 

in which a is the variable {)arameter. P\^ {-^i-^ yu ^i) is the source and Pj, 
(X2, ya, z^) is the recipient. The derivatives of the left hand member of 
equation (3) are 

dF ^ dF ^ 

ex oy 
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Substituting these in (6') we obtain 

\^y - y^^\ + \^{^ - ^) ^ y{y - y'i)\\^y - y\^\\ 

+ ^{x^y - y^^y - z\{x^ y - yix)'= 0. (4) 

This equation may also be written as follows : 

[(«« - xx)y - (y, - yx)x -h a^ y^ - Xiy\\ ^{^ + ^i) {f 4- x'y) 

- 2(2fjx2yj-24xiyi)xy + (^a;*2- 4 3:1)^4- {ZilA- '2j5yi)«' = 0. (5) 

The result may be stated thus : The brilliant curve of a family of con- 
centric circlets ^ when the source and recipient are not in the plane of the family^ 
is a curve of the fourth degree. This curve passes through the coimnon centre 
of the circles (3), and also through the points Pi and JPjy whose coordinates 
have been given in §3. 

When the right line PiPl-, which is the projection of PiP% on the plane 

of the circles, passes through the centre of the circles, — = — . For this rela- 

X2 y^ 

tion, equation (4) becomes 

{cy - x)*|^(yj - y5) (x^ -h /) - (i/a - i/i) (ahy? + x^yi)^ - 2(yi y^) (y,- yi)y 

^^lyl^^y?] =0, (6) 

in which c = — = — . The first factor of equation (6) , when set equal to zero, 

yi y-i 

represents two coincident right lines which pass through the origin and contain 
Pi and Pj. The second factor, when set e(|ual to zero, represents the circle 
cut by the ( JT, I^) -plane from the sphere whose equation is 

in which *= — = —. Thifs sphere cuts the right line PiP% in points whose 

X2 y^ 
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coordinates are 

■gj ± kx^ yi ± ky^ zi ± kzj 

l±k ' I ±k ' l±k ' 

On account of the value of k, the first two coordinates of one of these points 



are zero. The result of putting 






= can be expressed as follows : 



When the axis of the saw ( i. e. the right line perpendicular to the plane of 
theifaw at its centre) intersects the right line Pi jPj* f^hich connects the source of 
light y iPi, and the recipient^ an observer's eye, Pj* ^^^ brilliant curve consists 
of a straight line and a circle. The straight line passes through the centre of 
the saw and contains the projections of P^ and Pj* ^Ae circle is the intersection 
of the plane of the saw by the sphere which has P, and Pj as conjugate points^ 
and passes through the intersection of the axis of the saw and the right line 
P P 

Wfien the axis of the saw intersects the right line PiPj in the point P^half 
way between Pj and Pj, the sphere is replaced by the plane which is perpendic- 
ular to Pi Pj at Pj, and in this case the brilliant curve consists of two right 
lines which are perpendicular to each other and one of which passes through 
the centre of the saw. When in this special ca^ the right line PiPj is parallel 
to the plane of the sau\ the tvjo right lines cross each other perpendicularly at 
the centre of the saw. 

The photographs show some of the special cases. 

When Zi = and 2^ = 0, the curve represented by equation (5) degener- 
ates into the curves represented by the equations* 

(x^ - xi)y - (ya - //i).'- -h x-,//, - x^y^ = (8) 

and 

(^•2 -h ^i)(// + x^y) - (yj -h yi)(^'* 4-'//*.'-) 4- (•'•,//. -h //i^'i)(^' - //^) 

+ ^(yi !/i - -^i X2)xy = 0. (9) 

Equations (8), (9) might have been gotten directly from {b"). It is, of 
course, a physical impossibility to see the curve represented by equation (9). 

(b) The Carriage Wheel Cui-ve. Let it be rccjuired to find the equa- 
tion of the "carriage wheel cune " referred to in the introduction. In Fig. 3 



♦ Equation (9) is the equation obtained by Lieutenant Hamilton, Anxals of Mathematics, 
ser. 2, vol. 2 (1900/01), p. 97. A «?eometrical construction for this curve is j^lven by Kagies, 
Constructive Geometry of Plane Cnrcea, p. 333. 
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the I0CU& of th^ actual brilliant points is represented by a heavy full line and 
that of the virtual brilliant points by a heavy dashed line. The spokes of the 
wheel being mdial and of small radius, our family of curves is represented by 
the equation 

y-ax = 0, (10) 

dF _ 3i^^ 

cx cy 

Substituting these values in equation (i') , and eliminating a between the equa- 
tion thus obtained and equation (10), we get 

+ y{y - 2/2) ! + \^^y - y<i^\ \^{^ - ^*i) + y{y - y\) jl + 

4\x{x - x.i) -f y{y - 7/2) f - 4\^{x - x^) -h y{y - yO j' = 0. (11) 

The result may be stated as follows : The brilliant curve of a family of radiating 
right lines^ when the source and the recipient are not in the plane of the family ^ 
is a cuiwe of the fourth degree. This curve passes through the radiant^ and 
also through the points Pi and i^-, whose coordinates have been given in §8. 
The first term of equation (11) differs from that of equation (4) only in sign. 
When Zi=i and z,^ = 0, the curve represented by equation (11) degen- 
erates into the curves represented by equations (8), (9). This is in accord- 
ance with the theorem of §4, since the families of curves represented by 
equations (3) and (10) are orthogonal trajectories. 

(c) A Family of Equilateral Hyperbolas. Let it be required to find 
the brilliant curve of the family of plane curves 

xy = a, (12) 

when the source and recipient are not in the plane of the cuiTes. 

dF _ d_F_ 
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Substituting these values in (i'), we get 



X y 1 
avj yi 1 



[^.'/(^-^'i) + ^^y - y\)\\y ill - Vi) - '^{^ - ^^\^\y{^ - ^ 



4- ic (y -y2) \ \y{y - y\) - ^(^ - ^i) M + zl \y(y - y^) - x(x - xg) {* 

-4\y(y-yi)'-^'(x-x,)\^ = o (13) 

6. Geometrical Constructions of the Brilliant Curve for 
Certain Families of Plane Ciu'ves. It is a property of the sphere that, 

if any point of its surface be connected by right lines with a pair of conjugate 
points and also with the points in which the sphere is pierced by the diameter 
containing the conjugate points, the latter lines bisect internally and externally 
the angle fonned by th(^ foniier. 

We can make use of this property to test whether a point P of a space 
curve is a brilliant point with respect to a source I^i and a recipient Z^. At 
P di-aw a plane normal to the curve and through the point P^ in w^hich this 
plane is pierced by the right line P^ P^, draw a sphere having P^ and jPj as con- 
jugate points. The point P is or is not a brilliant point according as this 
sphere does or does not pass through it. If the noraial plane is parallel to 
the right line P^ P^, the sphere is replaced by the plane which is perpendicular 
to Pi Pi at the point half way between Pi and Po- If the noniial plane con- 
tains both Pi and 7^, the point P is b}^ definition a brilliant point. On this 
principle is based a geometrical construction for finding the brilliant curve of 
a family of parallel curves, whose conmion plane we shall call the horizontal 
plane, with respect to a source and a recipient which are not in the horizontal 
plane : 

To any curve, at any point, draw a normal; this line icill be normal to 
every curve of the family. At the point in which it cuts the horizontal pro- 
jection of Pi Pi draw a vertical line, and through the point in which this line 
cuts the rif/ht line Pi P^ draic a sphere having /\ and P2 as conjugate points. 
This sphere cuts the horizontal plane in a circle which cuts the normal in two 
points of the I'equired locus. 

In Fig. 2 this method is used for finding the brilliant curve of a family 
of concentric circles. 
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From the second definition of a brilliant point (see Condition 3) we 
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obtain the following geometrical construction for finding the brilliant points of 
a ri^t line I with respect to a point source Pi and a point recipient P^. 



128 ROEVER. 

Alfout I as an axi^ revolve Pj unftl it conies into the plane of I and /j. 
There will be two revolved positions. Connect by right lines P^ with each of 
the revolved positions*of Pi. These right lines cut the line I in its brilliant 
points. 

To find the locus of the brilliant points of a family of right lines, find 
the brilliant points of each member of the family sejMirately. 

In Fig. 3 this method is used for finding the brilliant curve of a family 
of radiating right lines, all of which lie in one plane, with respect to a source 
and recipient not in this plane. 

Harvard Untitsrsity, 

Cambridge, Massachtsetts. 



PROBLEMS IN INFIMTK SERIES AM> HEKIMTE IXTEriRAU^^ 

WITH A STATEMENT OF CERTAIN SrEKlClENT iX>NI>U 

TIONS WHK 11 ARE FrNl>AMENTAL IN THE 

THEORY OF DEFINITE INTECJRAl-S, 

By W» F* OstuH>D, 

Simple safficieiu oonditions that a iHinvorgi^nt series of Cf>ntiniHHis renl 
fuDctions of m real Taruible (or variables) 

may represent a continuous function and may In* intejrrateii or diflferentiatoil 
term by term are now pretty generally known : — I refer to the ci>nditions stu* 
ted at the beginning of § 1 . That equally simple conditions^ closely analogous 
to these, exist for the Definite Infegral 



Jn 



a) ilx 



is less generally known and it is believed that a statement of these conditions 
will be welcome to the readers of the Annals.* Here a shall lie in the in- 
tei-val («, b) andy(x, a) shall be a continuous fiinction of the two iudei)endont 
real variables x^a for all values of these variables belonging to the domain 

o : \ 

{ g ^x. 

It is assumed that the integral converges for every value of a in the interval 
(a, 6) ; I, e. that, a being given any such value and then held fast, the inte- 
gral 

a)(lx 






♦ These conditions were obtained by Cli.-J. do la Vall6c-Poussln in a noted paper : t^tudo 
des int^grales h, limites influies pour Icsqiiclles la fonctton sous lo stgne est continue, AM\(\Un 
de la SocUte scientiUqne de BrujreUes, vol. 16 (181U/92), p. 150; continued in Journal iU mathfi' 
matiques, ser. 4, vol. 8 (1892), p. 421. Cf. also C. Jordan, Coitrs d'analysey vol. S, Sd od., §§04-72 \ 
0. Stolz, Diff.' u. Iniegralrechnung^ vol. 3, chap. Ifi. 

It is to be regretted that the late Professor Uruncl In his excellent article on Definite 
Integrals, Encyklopddie der mathematischen Wissenach a/ten, vol. 2« p. 1115, did not state these 
conditions. He gives but one of them, and that, one of the more elaborate for dealing with 
the special integral of §3 below. 

(IW) 
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will approach a limit when x becomes infinite. This limit will be a fimction of 
a; we write it as <^(a). By definition, then, 



) — liui I /(x,a)dx = I /(Xya)dx. 

xz=<x, Jff Jq 



4>{a) = 

The questions which present themselves are : 
(a) When will the function <f>{a) be continuous? 

(6) If continuous, when can it bo integrated by integrating the integral 
under the sign of integration, i. e. when will 



/ <f>{a)da = I dx I f(Xya)d 
Jon Jg */oo 



X ? 



'«« jg 

(c) When can <f>{a) be differentiated by differentiating the integral 
under the sign of integration ; i. e. when will 



da 



»(«) ^ r 



In the great majority of cases that arise in practice the answer to these 
questions is not difficult. It is stated below in §2. 

§1. 
The Tests for an Infinite Series. 

Theorem A. If each term of the series 

Hi (x) 4- 1/3 (x) + . . . 

is a continuous function of the real variable x in the intei*val a ^ x ^ b and if 
the 8eriei< converges uniformly in this interval^ then the function f (x) represented 
by the series is continuous in this interval. 

The Weierstrassian 3/-Test. The ahoveseries will converge uniformly if 
there exists a convergent series of positive constants^ S 3f„, such thaty no inaUer 
ichat value x may have in the internal, ""^ 

\u^{x)\ ^ 3/„, . n = 1, 2, . . . 

Theorem B. If the above series converges uniformly, it can be integrated 
term by term : 



pi f^i T'l 

/ f{x)dx = / tii{x)dx -f / U2(x)dx 4- 



where x^^Xi, are any two numbers of the interval (a, 6). 
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Theorem C. If each term of the convergent series 

f{x) = Ui{x) 4- U2(x) + . . . 

has a derivative Wn(x) ivhich is continuous throughout the intei^val a ^ x ^b 
and if the series of the derivatives 

u{(x) + u^(x) + • • • 

converges uniformly throughout this interval, then f(x) has a derivative at 
each point of the interval and the derivative is given by the formula : 

f{x) =u[{x) + ?/^u;) + . . . . 

Each of the above four conditions is sufficient ; no one of them is neces- 
sary. Theorem B is not in general true if a or i is infinite and the integral 
is extended to infinity. 

§2. 

The Tests for a Definite Integral. 

Let/'(x, a) be a continuous function of the real variables x, a at all points 
of the region 

^> . i^a^a^b, 

\ 9 ^ '^' 
The integi-al 

f{x, a) dx, 

h being a constant, is 2i proper integral and it defines a continuous function of 
a, <f> (a) . This appears at once if we interpret the integral geometrically as 
the area under the curve in which the surface z =f{x, y) is cut by the plane 

y = a.* 

If, however, the upper limit of integiution is infinite, we have to do with 

an improper integral, and it by no means follows, even if this integral : 



Jg 



f 

Jg 



f{x, a)dx 
^g 

converges for all values of a in question, that the function which it represents, 

<^(a), is continuous. For example, we see by direct computation that the 

integral 

ae~'^ dx 



£ 



♦ For an analytic proof c/. Picard, TraiU d^analyse^ vol. I, p. 29. 
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converges tor all values of a ^ ; but the function which it represents, <f>{x), 
is discontinuous : 

4>{a) = l, a>0, 
<f>(a) =0, a = 0. 

Again, the integral 



/•OO 

I 






obtained from the foregoing in a simple manner, converofes for all values of a ; 
but it is discontinuous for every positive or negative integral value of a, in- 
clusive of zero. 

Under what conditions, then, will the integral 

/ f{x,a)dx, 
Jo 

assumed convergent, represent a continuous function of a? Tlie nnswer to this 
and similar questions is given in the theorems that follow. 

Definition of Uniform Convenience of an Improper Definite Integral, 



The integral 

/ f{x,a)dx, 
Jy 

Avherc f{x^ a) is continuous throughout the region aV, is said to converge 
uniformly throughout tlie intc»rval a ^ a ^b if, a positive (luantity € being chosen 
at i)leasure, there exists a positive (juantity (V, independent of a, such that 



/ f{x,a)dx 



< €, x > G, 



Theorem A. Iff(x^ o) is a function of the independent real variables 
x^a continuous throughout the region tS% and if the integral 

/ f{x,a)dx 
Jff 

converges uniformly throughout the interval a ^ a ^ b, then the function <f>{a) 
represented by the integral is continuous throughout this interval. 
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The Vallee-Poushin /x(.t')-TE8T. T/ie above inteyral will converge uni- 
formly if (here exists a function fi{x), independent of a, which satisfies the 
following conditions: 

(a) /x(u')^0, x^g; 

(h) |/(x-, a)| ^ /x(x), x^g; 



(c) I fjL(x) dx converges . 
Jff 



Corollary. These conditions ivill abvat/s he satisfed if there exists a 
constant k > 1 such that the product 

x''f{x,a) 

m 

remains finite throughout the region S, 

Theorem B. If the above integral converges uniformly^ it can be inte- 
grated under the sign of integration : 



Ji <f>{a)da = dx f{x^a)da^ 



where a©, aj, are any two numbers of the interval (a,b). 



Theorem (\ (fthe above function has a first partial derivative with re- 
gard to a, /«(.^', a), at each point of Sy continuous throughout jS\ and if 



Ja 



f^(x,a)dx 

converges uniforndy throughout the interval a ^ a ^ b ; then the function <f> (^a) 
has a derivative at each point of the interval^ and 

d<f>{a) 



= / f(x,a)dx. 
Jff 



da 

Each of tlie above four coiiditionn is sufficient ; no one of them is neces- 
sAry. Theorem B is not in general true if a or b is infinite and the integral 
with regard to a is extended to infinity. 

Other Improper Integrals. In the foregoing, improper integrals were con- 
sidered, one of whose limits of integiution is infinite, but whose integi'and is 
continuous throughout S. Similar theorems hold for integrals taken between 
iinite limits, the integrand becoming infinite at one of the limits of integration. 



/ 
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Thus, let f{x^ a) be a continuous function of x, a at all points of the r^oo 

{g ^ X < hi 

but suppose that /{x^ a) becomes infinite in the points ar = A, a = a^ the in- 
tegral now being 

f(Xya)dx. 

'9 

Then the definition of uniform convergence will read, mutatis mutandig^ pre- 
cisely as before except that G is now taken near to A and z lies between G and 
A. The four tests hold as before, >nth obvious modifications. 

The proofs of the foregoing theoi-ems are similar to the proofs of the 
corresponding theorems of § 1 and sc»r\e as a useful exercise for the student 
who is familiar with these proofs and is just beginning the study of definite 
integrals from a modem standpoint. 

§3. 
A Special Series axd a Special Integral. 

I. The Senes, I^t eai^h tenn of the series 

Ui(x) -f H^(x) -h • . . 

lie continuous for all values of x ^ </ and let the series converge uniformly 
throughout any arbitrarily assigntnl interval g ^ x ^ h. Then, if f(x) de- 
notes the function n*pn*si»nttHl by the series, /*(x) is continuous and 



f{x)dx= / i#i(.r)</.r -h / n^(x)dx -{^ 

.'y J if J 9 



When i^n this stories t)e intesrrattHl tenn bv term to infinitvV We must, of 
course, first of all require that i*ach tenn bt* integrable to infinity : i. p. 



/ "• (jr)rfjr shall convenes 

^'9 



/I = 1, i, . . . 



Furthennon* let the above series of intcgmis iH>n verge uniformly throughout 
the unlimitefl intenal x ^ </ : i". e. 

2" A [>i>sitive quantity e btMng chosen arbitrarily small, it shall then be 
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possible to find a positive integer independent of x such that for ail values 
of X ^ g. 



rx rx 

/ u^^^{x)dx^ . . . 4- / u^^^,{x)dx 

Jg Jg 



< e, 7> = 1, 2 • • 



Then it is easy to sliow tiiat tlie series eaii b(» integrated to infinity tenn by 
term ; or, more fully, 

(a) that the series of limits 



Ui(x)dx + I u^(x)d', 
Jg 



IX -\- 
Jg Jg 

converges ; 

J/»QO 
f /{x) dx eon verges ; 
g 
(7) that 



f{x)dx = / Ui{x)dx -h / U2{x)dx 
Jg Jg 



II. The IntegraL A closely analogoas sufficient condition holds for the 
reversal of the order of integration in the integral 



I da I f{x, a)dx, 
Ja Jg 



where /{x, a) is a continuous function at all }X)int8 (x, a) of the region 

S : a ^ a, g ^ x, 
1® The integrah 

/•OO /»X 

/ /(x,a)dx, / /{x,a)da 

Jg Ja 

shall respevtiveh/ converge uniformlt/ throughout evert/ fixed interval ; 

a ^ a ^ h^ g ^ X ^ h; 

¥ The integral 

/ da\ f{x,a)dx 
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shall converge II ntformly throughout (he unlimitei> interval a ^ a ; i. e. a posi- 
tive quantity c being chosen arbitrarily small ^ it shall then be possible to find a 
positive quantity G^ independent of a, such that for all values of a ^ a 



/da / f(x,a)dx 
Jg 

When these conditions are fulfilled 



< €, X > (t. 



fla f{x,a)flx = / fix f{x,a)da. 
Jg Jg J" 

It sometimes happens that one of the integrals of Condition 1**, — the first, 
let us say, — does not c<)nver«:e uniformly in the interval (a, 6), but that it 
converges uniformly in every interval lying inside of the region a ^ a, namely; 
a < a' ^ u ^ />, wliere a\ b are arbitrary. 

In .lis case, if the remainder of Condition 1° and Condition 2"" are satisfied, 
the revei*sal of the order of integration is still allowable. 

A more elaborate test for a case of importance in practice is also given by 
Vall6e-Pou8sin and is stated in the Encyklopddie^ l. c, 

§4. 
Pkohlems IX Infinfte Sehiks and Pkodicts. 

A. CONVEKGENCE. 

1. Is the infinite series : 



(2) + (274) + {TTird 



-h 



eonverffent or diverjrent? 

2. Obtain bv means of CauchvV inteirral test for the eonversrence of an 
iiiKniU' sorios of iHKsitivo tonus (c/*. Pit-aixl, Traits d'analy»e, vol. 1. p. 27) 
an »|>|)er limit for tlio valiu" of the reiuaiiuler of the tserios 

111 

Hence ctmipute the value of this stories when y> = IJ cori*ei*t to two places 
of decimals. How manv terms of this series would it be necessarv to sum in 
oi-der to obtain the sjime degn»e of approximation ? 
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3. For what values of x does the series 

X'* 



t7, 



converge? Discuss all cases. 

4. Determine all values of x for which the series 

1\2 /I .2\« . /I .2.3\« 



G) ' - (^D^ - C^) -• 



converges. 

5. Is the series 



1 



n=i log(l 4- n) . log(l + n") 
convergent or divergent? 

6. Show that if 

^0 + CL\'^ 4- ^a^**^ 4- • • • 

represents a power series convergent for values of x other than a; = 0, the 

series 

1 , 1 . 

tto 4- «!« + ^yy ajic^ 4" • ' 4" — ^ a.aj* 4- • • • 

will converge for all values of x. 

For what values of x will the series 

06 1 

converge ? 

B. — Series of Functions. 

7. Let the series 



• • • • 



u^{x) 4- %(-^-) 4- 

be a series of functions each continuous in the interval a ^ a? ^6 and let it 
converge uniformly in this interval. Show that the term- by-term integral of 
this series : 

/ Ux(^x)dx -\- I u^{x)dx -{■ .... 

,1a J a 

is a uniformly convergent series throughout this interval. 
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8. Let s^{m) be a single valued function of the two positive integers 
m, n, which satisfies the following conditions : 

(a) lim «„(m) exists ; denote it bv/(m) ; 

(6) lim «n(7/*) exists ; denote it by >>„ 5 

(^) ^h(^^) converges uniformly when n = x. : 

I f<n(^) — ^n'i^O I < ^» n > V, n' > V. 

Then 

(1) lim /'(wi) exists ; denote it by A : 



m:svj 



(2) lim Sn exists ; denote it bv B ; 

nscoD 

(3) A = B. 

9. Apply the theorem of Problem ^ to prove tliat 



lim 

n 



« x» 



lim /, •»'\ , X* x» 



10. From the fonnula 

?/j(//j — 1) ^ - . . 

cosmx = cos"*J^ ~ — - — - cos*~^Ji*sm*a: -|- . . . . 

1 • 2 

deduce the development 

cos X = 1 - — , + ji - • • • • 

and justify each step of your work. 

11. The series 

1 1 1 

.a— + 4- — 4- • • • 

P 2' 3' ^ 

converges when x > \, Does the series repivsent a continuous function? Can 
it be differentiated term by term? Denoting the function represented by the 
series by /'(x), discuss rigorously the shape of the curve // =f(x). 

12. Let 

^'o 4- Oi + • • • 

be an absolutelv conver«fent series of constant tenns, and let 
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be a set of ftinctions each continuous within the interval a ^ x ^ /3 and each 
comprised between certain fixed limits 

A^/]{x)^B, 1 = 0, 1, . . . 

where A, B are constants. Show that the series 

represents a continuous function of x within this interval : a ^ x ^ fi. 

13. Let Sn {x) be a continuous function of x in the inteiTal a ^x ^b and 
let »n{'x) converge, for every rational value of x pertaining to this interval, 
toward a limit when n increases indefinitely. Furthermore, let 

I '*^n{x') — •'♦n (^) \ < M \ X' — X \ , 

where M is a fixed positive <|uantitv and Xy x' are any two points of the inter- 
val. Prove that s^ix) converges unifonnly toward a limit for all values of x 
in the intei^val. 

14. If f/o-f- (ii 4-.- • • 
and 60 4" ^>i + • • • 

ai*e any two absolutely convergent series, show that the value of the series 

a^h^ 4- »^hi 4- • • • 
is given by the integral : 

where 

15. If the teniLs of the series 

/^i(x-) 4- u^{x) 4- • • • 

are all uniformly continuous throughout the intei'val a <x <b and if the series 
converges uniformly throughout this interval, show that the function /(x) 
represented by the series approaches a limit when x approaches a, 

IH. Given that the series 

ni(x) + iU2{x) + ' ' ' 

converges uniformly throughout the interval a < x < h and that it converges 
when X = a. (-an we infer that it converges uniformly when a ^x <h't 
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17. If the terms of the series 

Ui(x) + u,(x) -f • • • 

are all continuous throughout the interval a ^x ^b and if the series convei^4s 
uniformly throughout the interval a < x ^ 6, will it necessarily converge when 
X = a, and, if it does converge, will the function that it represents necessarily 
be continuous at the point x =^ a'f 

18. If the terms of the series 

Ui{x) -f Ui(x) + . . . 

are all continuous throughout the interval a ^x^b and if the series converges 
uniformly throughout every interval a ^x ^ fi lying inside of the interval 
(o, b) : a < a < fi <b^ will the series necessarily converge when a: = o, and, 
if it does converge, will the function that it represents necessarily be contin- 
uous at the point x = a'f 

19. Show that the series 



Y/ 1 _ 2r/i-|- Ho I - 1 < r < 1, 

can be differentiated term by term both as regards r and as regards /a. 

Suggestion : Prove the theorem first for the value of fi in question and 
for a value of r numericallv small ; and then show that the theorem still holds 
when r has the value in question. 

20. Given the formula 

•^'' ■" 2»r(n+ 1) i "" 2(211 + 2) ^ 2.4.(2n + 2)(2» + 4) 
show that 

8w dx ?arr» 

21. Show that if the series 

where ^.(x, y, s) denotes a homogeneous (Kilynomial in (jr, y, z) of degree 
M, repre^^nts a function satisfying I^phu^V ei|uation : 

?*r ?*r c^y _ 

then e«oh fiinction ^«(x« y« ;) must also satisfv I^aplaceV e<|iiafit>n. 
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Suggestion : Assume that such a function V can be developed into a 
triple power series in ic, y, z for values of the arguments numerically suflBciently 
restricted, the development holding for all values of the arguments in the neigh- 
borhood of the point (0, 0, 0) . 

22. Show that if 

is a series of functions each continuous and having no roots in the intei*val 
a ^ X ^ by and if 



Wn(iC) 



^ 7 < 1, n ^ nij 



where 7, wi, do not depend on x, then the given series is unifonnly convergent 
within the interval. 

Apply this test to the following series : 

aj(x— 1) , x(x — 1) (x — 2) ^ 
1 + xa + ^ g, ^ a' 4- -^^ ^j ^ «»+... 

where < a < 1. 

23. Find all the values of x for which the series 

e^sinx 4- 6**sin2ic 4- e'^sinSx 4- • • • 

converges. Does it converge uniformly for these values? 

For what values of x can the series be differentiated temi by term ? 

24. For what values of x is the series 

I + X + x^ + ' ' 

absolutely convergent? Is it uniformly convergent throughout the same in- 
terval? 



25. Does the series 



6 



7? X^ of X^ X^ Q(^ X^^ X' 

<x>nverge uniformly in the interval ^ x ^ 1 ? 
26. Show that the series 

4- re ■ ..v^ + ,0 . „x^ 4- • • •, ^ X, 



(1 + x)« ' (2 4- xy • (3 4-a;)* 
<»n be integrated term by term between any two positive finite limits. 
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Can the series be integiuted temi by temi between the limits and oo ? 
Can the function defined by the series be integrated between these limits? 

27. Show that the series 

n=i \ r? (71 4- 1)* ) 

can be integrated tenn by tenn between any two finite limits. 

Can the function defined by the series be integrated between the limits 
and x> ? If so, is the value of this integral given by integrating the series 
term bv tenn between these limits? 

"1^, If each tenn of the series 

Wi(a^) 4- W2(x) 4- • • • 

is a continuous function of x for all values of x ^ f/, and if the series 

a*?/i(x) 4- x^u^{x) -f . . ., A; > 1, 

satisfies the J/-test(§ 1), then the given series may be integrated term by 
term from « to x . 

29. Show that the series 

x*e-'' x^e-^"^ x«e-^' 

can be integrated tenn by tenn from to qc, given that (/i — 1 ) I = n**"* e~" K^y 
when /r„ lies between two positive constant quantities. 

30. Can the function defined bv the scries 

1 1 1 

(1 4- xY "^ (2 4- :^Y ^ (3 4- «)' "^ ' ' 

be integrated from to oo , and if so, is its value given by the term-by-term 
integral of the scries? 

C. — Double Sekies. 

31. Shpw that the function 

log(l 4- e^) 
can be developed into a power series in x. State carefully each theorem that 



PROBLEMS IN INFINITE SERIES AND DEFINITE INTEGRALS. 143 

you employ.* Determine the coefficients of the first four terms in the devel- 
opment. 

82. Develop the function 

f(x) = / sin~^(xsin<^)d0 
into a power series in x. Justify each step. Assume the formula 



r sin"<A d6 - ^ '^ ' ^ ' - - - ' (^^ - M 

^Q 1 • O • ♦) • . . . • /? 



where n is odd. 



33. Develop ^cosx* into a series proceeding according to ascending in- 
tegral powers of x, stating accurately the theorems of which you make use. 
For how large a region will the series surely converge and represent the 
ftinction ? 

Further problems in infinite series will be found in the exercises at the 
end of chs. 17 and 18 of Gibson's Ehinentary Treatise on (he Calculus. 

I). — Infinite Products. 

34. Discuss the infinite product 

(1 — sina;) (1 4- sin Jx) (1 — sin Jx) .... 

with reference to absolute and to unifonu convergence, t Study the function 
defined by this product and plot the corresponding curve. 

* The final theorem here needed Is to be found in Stolz, Allgemeine ArUhmelik, vol. 1, ch. 
10, §25. A special case of the theorem sufficiently general for the great majority of the cases 
that arise in practice (in particular, for the present case) is stated in my Infinite Series, §36. 

Numerous examples of developments that can be obtained by this theorem are given in 
the text-books on Calculus; c/., for example, Byerly, Problems in Differential Calcuhis, pp. 46- 
48. The analysis at the disposal of the student at that stage of his work is Inadequate for 
-complete demonstrations, and these are properly deferred for an advanced course in analysis. 

t An infinite product /i/^ .... is said to converge when and only when (a) the factors 
from a definite one,/m, on are all different from zero; (6) the product /m + i/m-f-a • • -fm-^-p 
approaches a limit different from zero. 

An infinite product /i(x)/2(x) ... is said to converge uniformly throughout the interval 
<z ^ X ^ 6 if , a positive quantity c being chosen at pleasure, there exists a positive integer m 
independent of x and such that 

l/m+lW/m-|-i(«) • • • -fm-^pW — 1 I < «, p = 1, 2, 

These definitions can, of course, be replaced by more general ones. But the products that 
would thus be admitted it is not useful to consider in practice. 



• • • • 
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35. Show that the infinite product 

cosx • cosi;r • cosjx • . . . 
converges for all valuew of x and discuss the function that it defineR. 
8H. Discuss the infinite product 

O-DO-DO-DO^O 

with regard to absolute and to unifonn convergence. Plot the function de- 
fined by the i)roduct as a curve. Find its slope when a: = and when x = 1. 

37. Show that the above products can be developed into power series 
in x'and detemiino the coefficients of the terms of degree 0, 1, 2. 

§5. 
Problems in Definite Integrals. 

38. Show that the integral 

/•OD 



i 



f 

Jo 



n 

converges and defines a continuous function for all values of m. 

39. Show that the integral 

j-^^^^e"-^ dx 

converges and defines a continuous function for all positive values of a. 

(live the proof first by introducing as a new variable of integration 
y = :cr^ ; then by applying the theorems of §2 directly, modified for a finite 
domain of integmtion. 

40. Show that the function 

r(a) = / .c^'-^f^'^dx 
Jo 

is continuous for all positive values of a and that 

f x*-^logxe-^dx 





r"(a) = / x''-^{]ogxye-''dx 
Jo 



etc. 
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Plot the oui've y = r(a), showing that it has a minimum between « = 1 
and a = 2, and that it is always convex toward the a-axis. 

41. The integral 

converges for all values of a and represents the function ^(«) = «. Can the 
integiul be differentiated under the sign of integration ? 

42. Given the fonnula 



deduce the formulas 






X 



'^€r*^*(lx = i^, etc. 



/_. — 

Jo a^ 



43. Show that 



/oc 



e""^* cos 2 ax* dx = i\/^e~^. 



Suggestion : Denote the value of the function by u and show that 

T- + 2au = 0, n .^q = i V^^- 

aa ^ 

44. Show that 



f' 

Jo 



Is it allowable here to differentiate under the sign of integration for all 
values of a? If not, and if you have used the method suggested in Problem 
43, have you been careful to make your solution rigorous? 

45. Show 1) that the integral 



/ 



*cosaa; , 
dx 



fo 1 + a^' 
defines a continuous function, y*( a), for all values of a ; 2) that 



<!>( 



a) = ['/(•) d, 
Jo 
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is given by integration under the integral sign with respect to a ; 3) that /'(a) 
is given in general bv differentiating under the integral sign with respect to a ; 
4) that ^(«) satisfies the differential equation : 

(Pd> IT 

-i-r = ^ r when a > 0. 

Hence determine the function /*(a) defined bv the integral. 
48. Discuss the function defined bv the integral : 



p-**** sin or dx, 
47. Disi'uss the function 



Jo 



rtan* 



4>(a) = / tan*<^ d4>. 



plotting the graph and determining the essential characteristicj 
48. Show that the functions 



Jo 







satisfS' the linear differential equations : 
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NOTE ON THE PRODUCT OF LINEAR SUBSTITUTIONS." 

By H. B. Newson. 

If two linear substitutions in 7i variables be compounded, the product is 
also a linear substitution in n variables. The following method of expressing 
the result in determinant form is believed to be new. The proof is given for 
two substitutions in three variables, but the method and result are capable of 
immediate generalization for n variables. 

Let T and T^ bt> two substitutions as follows : 



pxi = ayX Jr by!/ -\- c^z, 
pzi = a^x -I- h^f/ -I- c^z, 



PiX.2 = ai^i -h ^lyi + 7i^i. 
Ti : pi!/2 = <h^i + ^2^1 + 72^11 

PlZi = <hX^ + ^8^1 + 73^1- 



The substitution T^ is obtained by eluninating Xi, y^ z^ from the above equa- 
tions. This may be done as follows : Find the inverse of T bv solving the 
three equations of Tfor x% //, z^ Thus we get 

- X = A^x^ -f A^yi + A^z^, 
P 

A 
P 

P 

where A is the determinant of Tand A^ B^ etc. have the usual me-anings. 

The three e(iuations of T~* and the first one of 7\ form a system of fom* 
simultaneous linear equations ; hence 



"~~ — X -^1 -^2 "^^3 



--y B, B, B, 
P 



A 
z 

P 

- Pl^ «! fil 



Cj 62 Cjj 
7i 



= 0. 



* Read before the Chicago Section of the American Mathematical Society at the Evanston 
meeting, 2/3 January, 1902. 
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This equation cxpre88(>s tin* relation bt»tween ar, y, z and a^. 
equation for x^ wo ^et 

X Ai Ai ylj 



Solving the last 



ppiAx^ = 



y B, B^ B^ 
z Ci Gj Gs 

«, /3i 7i 



In like manner we ^et similar results for y^ and z^ ; thus 



PPi^y% = 



X J±i Jx^ ylg 

y /^i /^« 5s 

« c, c^ c, 

«2 A 7« 



f>f>|A2:. = 



X Ai Af A^ 

// B, B, B, 

z C] Cj Gg 

^> «8 ^8 78 



When these throe determinants ai-e exi)anded, A divide* out of both .sides of 
the equation. 

The general formula for n vaiiables is 



pp, A-» a:{" = 



X^ 



^2 



X^ '^\ '^t • • • 



Xf^ JYi -ZV^ . . . 

ai Pi . . , 



B. 



(?' = I . . . w). 



Throrkm. TTie value of «J" in the product of T and 2\, two linear 
nxibstUiUumfty %» proportional to the determinant formed by bordering the deter- 
minant of T^^^ the inverse of T, vertically by the variables of Tand horizonn 
tally by the coefficients of the ith equation in 7\. 
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NOTE ON A TWISTED CURVE CONNECTED WITH AN INVOLU- 
TION OF PAIRS OF POINTS IN A PLANE.* 

By H. S. White. 

1. A Method for Gtenerating some Twisted Curves. The 

pi^ints of a plane are said to be in involution when they are so related in sets of 
n points that any one point of a set determines all the other n — 1 points of that 
set. The simplest involutions, and the best known, are those where each set 
contains only 2 points. Of involutions of higher order so much is known as 
that tliey are all rational ; that is, that between the points of a plane and the 
sets of points of any involution a one-to-one relation can be established, f But 
for orders higher than 2 the classification and reduction to types have not yet 
been given. Hence we shall understand for the present by "involution" 
always an involution of order 2, one whose points are grouped in [xairs. 

Bertini showed that involutions of second order are of four distinct 
types, every such involution falling into some one of these four classes. ( Two 
of the same type are usually not projectively equivalent, but each can be 
transformed into the other by some Cremona transformation. As the repre- 
sentative of each tyi^e he chooses the simplest. The first type is that in 
which eollineation or projection eliects an exchange of the points of each jmir. 
Such a eollineation evidently must be a perspectivity, or central projection. 
The second type includes as many distinct species as there arc possible orders 
of curves, one for every integer above 3. Among these we consider that of 
lowest order, in which paired points lie on rays passing through a fixed point, 
and are conjugate with respect to a fixed conic. § These two alone are to be 
used in the present note. 

The notion of an involution in a plane may be used to generate twisted 
cun'es, just as the notion of involution on a line has l>een used (and may be 



* Read before the Chicago Section of the American Mathematical Society at its meeting 
January 8, 1902. 

t O. Castelnuovo, Mathematische Annaleut vol. 44 (1894), p. 126. 

X Ricerche sulle trasformazioni univoche.involutorie nel piano. Annali di matematiea, 
ser. 2, vol. 8 (1877), p. 254. 

§ Compare the system of intersections of the circles of a net, used as an illustration, by 
Professor BAcher in the Annals of Mathematics, ser. 2, vol. 3 (1902), pp. 49-52, and especially 
the first footnote on p. 52. 
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used further) to generate plane curves. To make this explicit, recall the 
method proposed by Steiner, and elaborated by Schroeter, for generating a 
cubic curve in the plane. A quadric involution on a straight line, it will be 
remembered, consists of pairs of points harmonic with respect to two fixed 
points, either real or imaginary, on the line. Two pairs of points determine 
fully such an involution, since there is only a single pair of points separating 
harmonically tTvo given pairs. Any third pair of points, in order to belong 
to the same involution, must satisfy a single condition. Hence if three pairs 
of points are taken at random in a plane, and these are projected from a varia- 
ble center in the plane upon any line, the requirement that their projections 
shall form 3 pairs in quadric involution will subject the variable center to a 
single condition ; i. e. the locus of that point is a definite curve. In this case 
the locus is a general cubic curve. 

In the same way, if a certain number of pairs of points in a plane suffice 
to determine an involution of a specified type, then one additional pair of 
points, in order to belong in the same involution, must satisfy two conditions. 
Assume now, in space of 3 dimensions, pairs of points one more than suffi- 
cient ; project them upon a plane from a variable center, and require the pro- 
jections to form pairs in an involution of the specified type. This will be 
equivalent to 2 conditions, restricting the variable center to motion along some 
definite twisted curve. 

In this way involutions of order 2 can give rise to an infinite variety of 
algebraic twisted curves, and may be found to lead to important properties of 
those curves. Indeed two species of involution in the plane which are equiv- 
alent to each other by virtue of some Cremona transformation will usually be 
connected with twisted curves which are not transformable into one another 
by any Cremona transformation of three dimensional space. 

To exhibit the method I have worked out the following two simplest 
examples. 

2. First Example : the Perspective Involution. In a perspec- 
tive relation of the points in a plane, the axis o and the center O niay be any 
line and any point. To find the conjugate to any point I^i (see Fig. 1), pro- 
duce a line 0J\ to cut the axis o in a point P', and determine a fourth point 
Pj on OPi harmonic to O, Pi, and P'. All the pairs of points P1P2 consti- 
tute then an involution of the first type. Otherwise, two such pairs may be 
taken arbitrarily, and from them the center, the axis, and consequently all 
other pairs can be found. Suppose A^ and A^, B^ and B^ to denote given 
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pairs, then any third pair P^ P^ must have their joining line pass through the 
point O where the line AiA^ meets Bi B^. This is the first condition. Again, 
this center O determines two points A' and B' 
where the axis o must intersect AiA^ and BiB^ ; 
the second condition is that the center O and axis 
o shall separate harmonically the points Pi and P^. 

Assume in space three pairs of points A^A^y 
BiB^j Ci O2 (no four in any plane) . If the pro- 
jections of the 3 lines a, 6, c which join these sev- 
eral pairs are to meet in one point of a plane, the 
center of projection X must lie on a line inter- 
secting all three : a, 6, and c. That is, X must lie ^^^' ^' 
on a ruled quadric having a, 6, c as directrices . This first condition restricts 
JT to a quadric surface. 

The second condition is satisfied if the six projecting rays XAi^ ^-^i, 
XBiy . . . XOfy lie on a quadric cone. For then the generator which passes 
through Xy and its polar plane with respect to the cone, will project from X 
into the required center and axis of perspectivity, inasmuch as their sections by 
any plane will separate harmonically the projections of each pair of given points, 
€. g. of Ai and A^. Conversely we see that this condition is not only su£B- 
cient, but also necessary for the point X. We have to find therefore the locus 
of the vertex of a cone passing through 6 given points. That this is a surface 
of the fourth order* can be shown as follows. 

A quadric surface is fixed by 9 points. Hence through the 6 given points 
there pass all the quadrics of a linear system with 3 arbitrary parameters : 

<^o -f- Xi <^i -I- Xj <^2 + ^ ^8 = 0. 

If JT is to be a conical point upon one of these quadrics, 4 conditions must be 
satisfied, viz. the vanishing of the 4 partial derivatives :t 

<f>Ol(x) + \i<l>n{x) -h X2<^2l(«) + ^8<^8l(«) = Oi 



4>oi(x) + '^i4>ii{x) + \24>u{x) + X3<^(X) = 0. 

• The ** Surface of Weddle." See full discussion in Cayley's Collected Works, vol. 7, p. IdO 

«qq. ; and a paper by Ctiasles, Comptes Bendiu, vol. 52 (1861) pp. 1167-1162. 

t The quadrics ^oi 0i* etc., are supposed to be homogeneous in the coordinates Xi, Xg, Xs, 0:4. 

Partial derivatives are then denoted by added subscripts. Thus the abbreviation ^8i(x) means 
d 
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Eliminating from these 4 equations, linear in the (x), the parameters X], X^, A^^ 
we find the equation of a quartic locus for A''. Notice that it is the Jacobian 
of all quadric surfaces that pass through the 6 fixed points. 

The intersection of a quadric and a quartic is in general an octavic curve. 
But this quartic contains entire lines, among them the 15 which join two and 
two the 6 fixed points ; and 3 of these are the directrices a, 6, c of the quadric. 
Hence the proper curve is a quintic, and cute every directrix in 4 points, but 
every generator of the quadric (i. e. those of the system opposite to a, 6, c) 
in only 1 point. This quintic belongs obviously to the class a^'of Noether,* a 
sub-species not particularly described by Halphen,t but included under his 
second species of quintics. All directrices of the quadric surface are four-fold 
secants of the curve, so that its projection from any point of the curve upon a 
plane is a plane quartic with a triple point, proving that the quintic is of defi- 
ciency zero, I. e. it is rational. Generators of the second system meet it in 
only one point each, hence it can have no actual double point. Finally, a 
counting of constants makes it probable that every quintic of Noether's class 
Oq can be generated by the above method ; if this is true, a geometric proof 
would disclose an interesting property of the curve. 

3. Second Example : Involution of Harmonic Conjugates on 

Bays Cutting a Conic. Five pairs of conjugate points with respect to a 
conic completely determine that conic. Hence 5 pairs of points suffice to 

determine an involution of the second type. But 
these 5 pairs are not perfectly arbitrary ; they are 
subject to the restriction that the 5 lines joining 
the respective pairs must have a conmion pointy 
which we may call a radiant point. Any sixth 
pair of points, in order to belong in the same in- 
volution as the first five, must satisfy 2 conditions : 
first, their joining line must pass through the radi- 
ant point; and second, the two points must be 
conjugate with respect to the same conic which 
separates harmonically the first 5 pairs. In Fig. 2 O is the radiant point, 
Ai A^y B1B2, etc., the 5 pairs that determine the involution, o the conic which 
separates each pair harmonically, and P1P2 any sixth pair in the involution. 

* Zur Grundlegung der Theorie d. algebraischen Raumcorven. Abhndlgn. der kgl, Akad, d. 
WiB8en8ch^ften zu Berliny 1882, Anhang, p. 88. 

t Bar la classification des conrbes gaucbes alg^briques. Jour, de VEcole polyUehniquet vol. 
52 (1882), p. 162. 
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To secure a variable center of projection we have therefore to assume in 
space, not 6 pairs of points taken at random, but one pair on each of 6 direc- 
trices of a ruled quadric surface. Then a center of projection X anywhere 
upon that quadric will give a set of projections satisfying the first condition, 
for the 6 directrices will project into lines meeting upon the generator that 
passes through JT. As to the second condition, some quadric surfece separa- 
ting harmonically each of the 6 given pairs of points must be a cone having X 
for its vertex.* Each pair of points, as being conjugates, supplies one linear 
condition for the coefficients of the equation of that quadric, leaving 3 free pa- 
rameters (10 — 6 — 1 = 3). Here therefore the reasoning of §2 applies again » 
and the locus of the vertex ^ is a (juartic surface,- the Jacobian of 4 quadrics 
that have generally no common point. This Jacobian must evidently contain 
each one of the 12 given points, but need not contain any of their join lines. 
The curve of intersection is accordingly of order 8 and is of the species ag of 
Noether (Z. c, p. 96), or Halphen's 1st species (/. c, p. 165). 

By counting constants we may judge that every curve of this species lies 
on at least one Jacobian surface, and contains 24 pairs of points separated 
harmonically by all cones of the system. But that these pairs, or any six 
of them, will lie on as many of the quarti-secants of the curve is apparently 
improbable. Hence the curve found from six arbitrary pairs of points on six 
generators of a quadric by the aid of the concept, involution of the second 
t}^, must be of a very special kind under its species. To confirm this, it 
would be needful to study minutely the system of lines joining corresponding 
points on the general Jacobian surface. 

North western University, 

EvANSTON, Illinois, February, 1902. 

* See Cayley and Cbasles, as cited above. 



ON SOME CURVES CONNECTED WITH A SYSTEM OF 

SIMILAR CONICS. 

By R. E. ALX.ARDIGE. 

1. Introductioil. The problem has been proposed by Steiner* of find- 
ing the envelope of a system of sunilar conies circumscribed about a given 
triangle, and of finding the loci of the centres and foci of the conies of the sys- 
tem. He states that the envelope is a curve of the fourth order having three 
double points, and gives some of its properties. The problem has been treated 
by P. H. Schoute in a paper entitled Application de la transformation par 
droites aymMriques it un probUme de Steiner.^ In this paper the author dis- 
cusses the problem of the envelope in detail by a geometrical method, to which 
reference will be made hereafter, and gives the order of the locus of centres, of 
the locus of foci, and of the locus of vertices, and the class of the envelope of 
asymptotes, of the envelope of axes, and of the envelope of directrices. He 
states, however, that the envelope of the asymptotes is a curve of the sixth 
class, but does not point out that it breaks up into two curves, each of the third 
class. I propose to determine analytically the equations of certain of these 
curves. 

2. Definition of Similar Conies by the Use of Asymptotes. It 

may be taken as a definition or proved as a theorem, according to the point of 
view, that two conies are similar when the angles between their asymptotes are 
equal. When rectangular coordinates are used, two conies with their centres 
«t the origin are similar and similarly situated if the terms of the second degree 
be the same, or proportional, in the two equations. Now these terras of the 
second degree represent the (real or imaginary) asymptotes, and the angle 
between these asymptotes is not altered if the conic be displaced in any way. 
It may easily be shown that the tangent of the angle between the asymptotes 
of an ellipse Ls equal to 2abi/(a^ -f 6^), where a and b are the semi-axes, and 
for a real ellipse this quantity is a pure imaginary whose modulus is less than 

* Systematische Entwlckelang der Abhanglgkeit geometrlscher Q^stalten vod elnander 
(problem 39 of the supplement), Gesammelte Werke, vol. 1, p. 446; Vermischte Satze and Auf- 
^aben, t6i(l., vol. 2, p. 676. 

t Bulletin des sciences mathSmatiques et astronomiques, ser. 2, vol. 7 (1883), pp. 314-824. 

(164) 
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unity. It is obvious that two conies for which this quantity is the same are 
similar, as the quantity may be expressed in terms of 6/a, which in turn can 
be expressed in terms of the eccentricity. 

3. Laguerre's Projective Deflnitioii of Angle applied to the 

Assrmptotes. It has been shown by Laguerre and Cayley* that the angle 
between two straight lines can be expressed in tenns of the cross-ratio of the 
range of four points consisting of the points where the straight lines meet the 
straight line at infinity and the circular points at infinity. More definitely,! 
if a be this cross-ratio and d the angle between the lines, then = ^/log a ; 
and from this it may easily be shown that tan^ = — (1 — «)* / (1 + «)^« Now 
the infinitely distant points of the two asymptotes are the points where the 
conic itself meets the line at infinit3\ We thus have to consider a variable conic 
that circumscribes a given triangle and meets the straight line at infinity in two 
points that form with the circular points at infinity a range of constant cross- 
ratio. But instead of the line at infinity and the two circular points upon it we 
may take any straight line with two fixed points on it ; and these fixed points 
will be most conveniently assigned as the points of intersection with the given 
straight line of a fixed conic circumscribing the given triangle. The special 
case of the system of similar conies will then be obtained by taking the straight 
line at infinity and the circumscribed circle for the fixed straight line and 
fixed conic. 

4. The Quadric System of Similar Circmnscribed Conies. 

By means of the theory of invariants we may write down the condition that a 
straight line meet two conies in pairs of points having a given cross-ratio a. } 
Let 

be the given straight line ; 

be the fixed 'circumscribed conic ; and 

A.^ = A-i Xg Xj -j- \4^X^X^ -\- \3 Xj Xj = U 

* Laguerre, Note sur la th6orl6 des foyers, Nouvelles annales de matfUmatiqueSt vol. li^ 
(1858), p. 64. Cayley, A sixth memoir upon quantics, Philosophical Transactions , vol. 149 
(1869), pp. 61-90, and Collected Mathematical Papers^ vol. 2, pp. 561-592. See also Lorla, Teorie 
geometriche, where, however, the reference is given to Cayley's fifth, Instead of to his sixth 
memoir. 

t Compare Klein, NichtSuklidische Oeometrie, vol. 1, pp. 47-60. 

X See Clebsch-Lindemann, Vorlesungen \iher Oeometrie, vol. 1, p. 281. 



156 ALLARDICE. 

be the variable circumscribed conic. The required condition is 

/)'*(«- 1)«- 2)2)" (a -I- 1)« = 0, (1) 

where 

— i 2) = Xjt^ -♦- X4w| -f XJmJ— 2\i\iUiU^ — 2X^X^11^11^^— 2X^XiUii^; 

— i2)"=i>iwl -f i>5w| H-i?3wJ- 2^i?,Witi,- 2^j^8W8W5- ipiPiUiUi; 

— i 2)' = Xi^i wj -I- X«i?8wJ -f \Ps^ — (^JPa -I- ^i>5) WjUj — . . . . . 

Since according to (1) the parameters Xi, X^, X3, which occur linearly in 
the equation of the conic, are connected by a quadric relation, the conies are 
said to form a qicadric ay stem. 

5. Locus of Centres of Conies in the Quadric System. Cor- 
responding to the problem of finding the locus of the centres of a system ot 
similar conies we have to find the locus of the pole of Uj. with respect to the 
conic X^. 

If (yi> y«> ya) t)e the required pole, we have 

^1 = ^ys H- >«y«i etc., 

whence, omitting again a factor of proportionality, we have : 

^i = yi (^y«+ Ways- Wiyi) ; ete. (2) 

Substituting these values of Xi, X^, X3 in (1) we get a curve of llie fourth order 
as the locus of the pole of u^,. 

K (Xi, X2, X3) be regarded as a parametric point, the locus of this point is 
a system of conies (for varying values of a) of which the equation is given by 
(1). This system of conies has double contact with the conic 2) = (an in- 
scribed conic), the chord of contact being D' = 0. The relations (2) show 
that this system of conies is transformed into the system of quartic curves by 
means of a Cremona quadratic transformation. As such a transformation turns 
a non-specialized conic into a trinodal quartic, we shall expect to find a system 
of trinodal quartics, all having double contact with the quartic which replaces 
the conic 2) = 0. 

K we substitute the values of Xi, X2, X3 in 2>, 2>', 2>", we find, putting 
Pi = Wi (^jt^a -hi>3t^ — i>iWi), etc., 

D =- (uij/i + u2i/2 -f ^ys) (^2^2 -f Ways - wiyi) (wgys + «iyi - ^y«) 

B' = PiUiyl + Pi^hyl -h Psu^ys- (PiW,-f P^th) yiy2- ete., 

2>" = -(Pxi>i-hP8i>2+ Ai>8). 
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line Uy. in pairs of points in involution ; and hence pass through a fourth fixed 
point.) 

For ^ = 0, the quartic degenemtes into the straight line at infinity and 
the sides of the triangle of reference. The straight line at infinity corre- 
sponds to proper parabolas and the sides of the triangle of reference to de- 
genemte pambolas consisting of pairs of pamllel straight lines. 

For cot*-^ = — 1, the case of circumscribed conies through either one of 
the circular points at infinity, the quartic degenerates into two imaginary conies 
intersectinjr in the vertices of the triano^le and in the circum-centre. 

It may easily be shown that the tangents at the vertex A are real when 
cot^^ is positive, and when cot^^ is negative and |cot^^ sin^-4| > 4. When 
4 -f- cot^^sin^^l = 0, the tangents coincide and ^ is a cusp; this value of 
gives the three-cusped hypocycloid when the triangle of reference is equi- 
lateral. 

7. Similar Conies under the Isogonal Transformation. The 

transfonnation by droites sym^triques employed by P. 11. Schoute in the paper 
referred to above is sometimes called the "isogonal transfonnation" and con- 
sists in substituting (1/xi, Ijx^y lA'.O ^^^ (^i»^2»^8)- Schoute proves that to 
a system of similar circumscribed conies corresponds, in this transformation, 
the system of tan^ent^ to a circle concentric with the circumscribed circle. 
This theorem is very easily proved by means of the projective definition of an 
angle. To the straight line at infinity corresponds the circumscribed circle, 
and vice versa ; hence the circular points at infinity are transformed into each 
other by the isogonal transfonnation. It is easily seen that if the points 
P, Qy Hy S be transfonned into the points P\ Q', Ii\ S'^ and if A be any 
vertex of the triangle of reference, then the cross-ratio of the pencil A.PQ 
US is equal to the cross-ratio of the pencil A.P' Q' R^ 8'. Now let P^ and 
Q^ be the points in which one of a system of similar circumscribed conies 
meets the straight line at infinit}', let P and Q be the corresponding points, 
namely, the points in which the straight line into which the conic is trans- 
formed meets the circumcircle ; and let /and J be the circular points at in- 
finity. Then the cross-ratio (^A.IJP^ Q^,^ is equal to the cross-ratio {A, J I 
PQ) ; thus the latter cross-ratio is constant, and thus the angle PA Q is con- 
stant. In other words the chord PQ subtends a constant angle at A and 
therefore touches a fixed circle concentric with the circumscribed circle. 

8. Envelope of Asymptotes. The asymptotes of a conic are the 
tangents from the pole of the straight line at infinity. Instead of this special 
line we may in the first instance take any line whatever. It will be conven- 
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ient to use tangential coordinates ; and the equation of the variable circum- 
scribed conic becomes : 

Xlvl -f X^V2 + '^Iv's — 2X1X2^^1^2 — 2X2^^2 ^8 — 2X3X1^3^1 = 0, 
or Xi Vi Qi + Xat'a ft H- X^v^ ft = 0, (1) 

where ft = X^ i'2 + X3 V3 — X| v,, etc. 

The equation of the pole of the straight line (wj, w^, 1/3) is 

Xi til ft + \ ?/3 ft + >^ W3 ft = 0. (2) 

Hence w^e have to find the envelope of the lines common to (1) and (2), 
subject to the condition (see (1), §4) : 

i>'2(^ _ 1)2 _ j)D'f(a + ly = 0. (3) 

Equations (1) and (2) are identically satisfied if we set Xj, Xo, X3 pro- 
portional to the cubic functions of the coordinates v : 

Vl (^2 ^8 - W3 t^2)^ ^2 ('^3 ^^1 — ^^1 ^^8)^ ^3 (^h ^i — ^2 ^'l)^ • 

The equation of the envelope, (3), is then separable into two cubic factors. 
These are the following, if we denote as usual («, V2 — U2 v^) by (w y)3, etc. : 

-f J03W3(l/V)i(wv)2(WiV2+ th^l)±f^ '^D"{UV)^{UV)2{UV^) =0, 

where h denotes • Since interchan<;e of the two asymptotes to anv one 

a — \ ^ 

eonic changes the cross-mtio a into - , or + h into — A, it is evident that only 

one of the two asymptotes touches one of these cubic envelopes, the other asymp- 
tote touching the other. 

The fact that the envelope of asymptotes resolves into two]separate curves 
might have been anticipated from inspection of equation (3) ; when a = 1 the 
envelope is given by Z> = 0, but for a = 1 this is evidently the product of the 
equations, each doubly counted, of the infinite points on the sides of the origi- 
nal triangle (or on the sides of the second triangle of reference, since pairs of 
sides meet at infinity). Hence D must be itself a square of a rational cubic 
Junction of Vj, v^y I's, as seen in (4). 

The envelope just now considered, 

y/i> = 0, 



\ 
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has the line at infinity for a triple tangent. For a = — 1 the line at infinity is 
a double tangent, with contaets in /and </.* Accordingly for every value of 
a or A, each of the envelopes of asymptotes must have the line at infinity for 
a double tangent and the contacts, if detenninate, must be in / and e/, two 
distinct points. Since each envelope is of class 3 and has a double tangent 
with distinct points of contact, it is of order 4 (like the locus of centres) 
and has three cusps. And since each side of the original triangle is an 
asymptote for each value of a, each envelope of asymptotes touches all three 
sides of the triangle. This fact is obvious also from the equation. From count- 
ing of constants we may conclude, what can be proven rigorously by geomet- 
ric considerations : 

Every triciispidal qiiartic, touching the three sides of a triangle ABC 
and touching the line at infinity in the two circular points^ is an envelope of 
asymptotes of similar conies circumscribed to the triangle ABC. All such 
quartics are three-cusped hypocycloids,t and this fact invites further investiga- 
tion as to their arrangement in pairs when the triangle ABC is given. 

9. The Degeneration of the Sextic Envelope of Asymptotes. 

The reason why each asymptote gives a separate envelope, in other words, 
why the envelope consists of two curves of the third class, and not of a single 
cuiTe of the sixth class, is that the coordinates of either of the asymptotes 
may be expressed rationally in terms of those of the other ; for, as I have 
shown in a recent number of the Annals,} the asymptotes of a circumscribed 
conic are isotomically conjugate with respect to the triangle of reference. 
Thus the tangential equation of the envelope of the asymptote Vi Xj -♦- Vj as^ 
-f- t?3 x*3 = may be obtained by writing down the condition that this line and 
the line a^xjvi -f b^x^/v^ + c^x^/v^ = 0, which is the second asymptote of a cir- 
cumscribed conic having the fomier line as one asymptote, should intersect at 
a given angle ; and this condition is of the third degree in v^, Vg, v^. The 
envelope of the second asymptote is obtained from that of the first by chang- 
ing Vi, V2, 1^8 to a^/vi, l^/V2, C^/Vj. 

Stanford University, California. 

* Compare Huntington and Whittemore : Some curious properties of conies touching 
the line infinity at one of the circular points. Bulletin Am.' Math. Soc.y vol. 8 (1901), p. 122. 

t C/. E. Duporcq, Sur rhypocycloide k trois rebroussements, Nouvelle8 annalea de math- 
ematiqu^t ser. 4, vol. 1 (1901), p. 168. 

: Ser. 2, vol. 2 (1901), p. 148. 



NOTE ON MULTIPLY PERFECT NUMBERS.* 

By Jacob Westlund. 

In the Annals of Mathematics, ser. 2, vol. 2 (1900/01), p. 103, Dr. 
D. N. Lehmer proves that no multiply perfect numbers of multiplicity 3, con- 
taining less than three distinct primes, exist. In an earlier note on Multiply 
Perfect Numbersf all numbers of multiplicity 3 of the form pl^p^Pz were de- 
termined. The object of the present note is to determine all numbers of mul- 
tiplicity 3 of the form m = pl^PiPsPi where ^i,^2»i^3»i^4 are distinct primes and 
Pi<P2<Pz< Pi- 

Defining a multiply perfect number as one which is an exact divisor of 
the sum of all its divisors, the quotient being the multiplicity, we have} in the 
present case 

3 ^ j?i-l/i>^ ^ Pi - y/Pi ^ j^?--^^ -1 ^ j>i-f 1 ,^. 

p, - 1 .=^2 Pi - 1 p^^ip, - 1) <=2 i>.- ^ ^ 

and 3< n -^ • (2) 

i=i Pi - 1 ^ ^- 

From the inequality (2) we infer that^j = 2 is the only possible value of ^i, 

* P 
since the maximum value of 11 — ^-^ will exceed 3 only for Oi = 2. Hence 



— < 



2 < = 2i?, -1' 

which gives /)j < 7, t. e. the only {X)ssible values oUpi are 3 and 5. 
I. Suppose ^j = 3. Then we should have from (1) 

3_ 2'H + i-l 4 j?3+l p,+ l 
2". ' S ' P3 ' p^ 
or 

-^=-2^. - —■ (3) 

* Read before the Chicago Section of the American Mathematical Society, January 3, 
1902. 

t Westlnnd, Annals of Mathematics, ser. 2, vol. 2 (1900/01), p. 172. 
X Cf. Lehmer, I, c. 
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From this we infer that 



\ Ps J 






or ^^ > T V 2 . 

Hence j9s < 17, t. e. the only possible values of jf^j are 5, 7, 11, 13. 

From (3) we see that 2*^ + ^ — 1 must be divisible by p^. Setting 
2«iH-i _ 1 = f^p^ y^Q have 

9.2«.-^i?s = A(i?3+ l)(i)4+ 1) (4) 

= (i?3+ l)(2«x + i- 1 + A:) 

which may be written in the following fonn 

2««-*(i>3-8) = (i'-l)(^3+ 1). (5) 

Hence we must have k > 1 and J93 > 8, and the only possible values of p^ are 
11 and 13. It is easily seen that J93 =13 does not satisfy (5). For ^3 =11 
we get from (5) 

3.2«i-^= {k- 1)12 
or 2''i-* = ^ — 1, 

33 
and since 2* • 2««-* = kp^ + 1 , k = —^ . Hence o. = 31, kz= 33, a^ = 9. 

The corresponding number ism=2'-3.11-31 which by trial is found to be 
multiply perfect. 

II. Suppose ^3 =5. In this case we should have 



which gives 



or 



2«. + > - 
2«- 


- 1 


5 Pi 


Pi + 1 


(P» + 
V Ps 


-Y 


5-2"'-» 
> 2«. + i-l 


5 

>4 




Ps + 
Ps 


1 1 /-^ 





(6) 
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Hence the only possible value of ^3 is 7. Setting, as in the first case, 
2«i + i — 1 = kju we get from (6) 

35.2«i-* = k{p^-\- 1) 

or 

3.2«t-* = k- 1, 

35 
and A; = — — . Hence 7)4 < 11 and since j?^ > 7 this is absurd. There- 

o It — op\ 

fore ^2 cannot be equal to 5, and the only multiply perfect number of multi- 
plicity 3 of the form m = Pi^p-iP^p^ is the number 2® • 3 • 11 • 31. 

PuRDUB University, December 1901. 



A MECHANICAL CONSTRUCTION OF CONFOCAL CONICS. 

By William R. Ransom. 

By the following plan ellipses and hyperbolas whose foci are given may 
be drawn with very fair accuracy and very great readiness. The method was 
devised to ftu^'ilitate plotting in elliptic coordinates, and it enables one to locate 
points in this system as freely as in the ix)lar and rectangular systems. 

Pins are driven at tlie foci, A^ J?, and a third at (7, which is most con- 
veniently taken midway between A and J?. A string is passed loosely around 
the pencil point and the three pins in the >vay represented in the drawing. 
The i>encil is then placed at the arbitrarily chosen point P, and the left hand, 
at Hy draws the strings through the fingers until all slack is taken up. All is 




then ivady for drawing either the ellipse or the hyperbola through P. Hold- 
ing the strings tightly at //, draw them down acros«> the edge of the board, 
and the pencil traces a branch of the hyperbola down to the axis. Or hold 
the string tightly against the board between H and C, while the pencO slips 
laterally in its loop, and we get the ellijise. 

The loop about the pencil may be dispensed with in drawing the ellipse, 
or, in drawing the hyperbola, may be replaced by a small circular link just 
large enough to slip the lead into, tied loosely, as shown at B^ to the two 
ends of the string severed at P. With a little care, however, the tendency of 
the i^ncil to slide in the loop is not givat enough to make it necessary to pre- 
vent this slipping by inserting such a link. 

Ti'rr^ CoLUMK. Massachusetts. 
Apiul, 1^3. 



ON SOPHUS LIE'S REPRESENTATION OF IMAGINARIES 

IN PLANE GEOMETRY. 

By Pebcey F. Smith. 

The first published paper of Sophus Lie appeared in the Transactions of 
the Academy of Christiania in Febraary, 1869, and was concerned with the 
subject of this article.* So great a rdle does this memoir play in the scientific 
career of the author that a reference to it in the Leipziger Bertchte, 1897, 
p. 726, elicits from him the observation that it formed the starting point of all 
his mathematical investigations. f In fact, the point of view there adopted 
leads in the most natural way to a point-line transfoimation of space which 
specialized gives the celebrated line-sphere transformation, f and generalized 
leads to a new duality defined by two aequationes directrices in two sets of 
point coordinates, upon which is based the monumental memoir in the fifth 
volume of the Mathematiache Annalen (1872) : Ueber Complexe, insbesondere 
Linien- und Kugel-Complexe, etc. 

I propose to give a presentation of some of the results in the paper re- 
ferred to above, and I am led to do this not only for the reason that the original 
lacks clearness and continuity, but also from the fact that Lie's work has been 
apparently overlooked by writers on this subject. § Moreover, I think the 
method to be expounded possesses merits not shared by such other representa- 
tions as I have seen. The essential difference consists in this, that Lie assumes 
the straight line as geometric element in the plane, while other representations 
are based upon point geometry. Thus the latter give a real line in space as 
image of a real or imaginary point in the plane, || while Lie's method also leads 

* The fall title is : Reprasentation der Imaginaren der Plangeometrie. (Jeder plangeome- 
triacher Satz ist ein besonderer Fall eines stereometrischen Doppel-Satzes in der Geometrie der 
Linien-Congraenzen). The paper appeared in two parts, pages 16-38, 107-146, the first part, 
with which we are especially concerned, having previoasly appeared in Crelltt vol. 70 (1869), 
p. 846. My references are to the Transactions. 

t Cf. also Lie-Scheffers, Geometrie der BeruhrungstransformcUionen^ vol. 1, p. 826, 448. 

X First published in the note, Sur nne transformation g^om^triqne, Comptes Bendua, 
vol. 71 (1870), p. 679. 

§ Cf, Coolidge, A purely geometric representation of all points In the projective phine, 
Transactions Amer, Math. 8oc., vol. 1 (1900), p. 182. 

II For a very simple representation c/. the memoir by Duport, Sur un mode particulier 
de repr^sentaticAi des imaginaires, Annales de Vecole normale, 1880, p. 801. 
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to a real line in space as representative of a real or imaginary line in the plane, 
each real element moreover being its ovm image. In Lie's representation there 
is then no change in kind. 

To all such representations of the imaginaries in Plane Geometry there 
are of course two objections : firsts that generalization to three dimensions is 
futile, and secondly^ that the content of propositions in the plane is so greatly 
changed as to be of questionable value. The results of Lie's paper success- 
fully meet the latter objection, I think; while perhaps all that can be said to 
justify a system such as von Staudt's, which substitutes a real substratum for 
the imaginaries in three dimensions, is summed up in Lindemann's opinion* 
that the recognition of the possibility o( such a representation is a great advan- 
tage, f It is, however, right to add^that von Staudfs work has led to a well 
developed theory of involutions. 

As to the present presentation as compared with the original, I would 
say that the definition which I have adopted in §1 is purely projective, and the 
discussion proceeds in the simplest possible manner therefrom. From this the 
representation of Lie is deduced in §2 as a metrical special case. The latter, 
however, in his paper, makes use of an analytic definition only. He there 
gives, in fact, three different methods of representation, all defined analytically, 
and it is with the second of these (p. 32 l. c.) that we have to do. This is in 
substance identical with the first, as Lie points out, while the third method is 
merely defined and not developed. In the second part of the paper referred 
to, Lie develops synthetically the natural consequences of the representation. 

We shall have to deal in our discussion with the four species of imaginary 
elements in space which present themselves in von Staudt's system, or also by 
allowing the equations of Analytic Geometi*y to contain complex coefficients. 
These are (1) imaginary points^ each lying on one real line, (2) imaginary 
planes^ each containing one real line, (3) imaginary lines of the first kindy 
each lying in one real plane and containing one real point, (4) itnaginary lines 
of the second kind, possessing neither a real plane nor a real point. 

Since the representation introduces the right line as element of space, we 
shall have to do with some of the notions of line geometry. f Thus in §1 



* Clebsch-Lindemann : Vorlesungen uber Geometries vol. 2, p. 130. An excellent presen- 
tation of von Staadt*8 theory Is given in this yolame, page'104. 

t Compare also Professor Scott's critique : The status of imaginaries in pure geometry, 
Bull. Amer. Math. Soc, ser. 2, vol. 7 (1900), p. 163. 

J Koenigs, La geomiirie regUe. Pliicker, Xeue Geometrie des Baumes, etc, Clebsch-Linde- 
roann, I. c. p. 41. 
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W6 are te<¥ to the configuratfon of all lines of space intersecting^ two fixed 
lines, or, in the language of line geometry^, to a linear' line congmence of 
wUioh tbe fixed lines are the directrices. The middle point of the common 
perpendicular of the direolrices is the centre^ and one-half of this shortest dis^ 
tance the constant of the congruence. I may refer to the text-books quoted' 
for further details. 

In Ton Staudt's system aUnear line oengruence is the real representative 
of an imaginaiy line of the second kind, tiie congruence consisting of all 
lines: intefsecting tfu» line and the conjugate imf^nary line. 

1. GeconefeFloal Definition of the Bepreaentation in ProjeotiVe 

Form. Let a- be a real plane in space, the Jundamental pUxne-y and /an im- 
aginary ^mt^.ihe fundamental pointy not in a. Also let Xo, i^e JhAndamental 
line, be the real line of the point /, and let aSq, the Jit>ndamental pencil j be the 
pencil of real lines in <r whose centre p^ is thejbot of the line Zo, that is the 
point in which Lq meets a. 

Then any line I in a may be represented by a real line L in space <, viz.y 
Ihe real line of the plane containing land L 

The line L is uniquely determined save when 2 belongs to the fundamental 
pencil, for in that case and in that case only is tiie plane of /and I real, con- 
taining as it does two real lines L^ and ^ and accordingly L is now any line 
in a real plane containing the fundame)ital line. K Ms any other real line in 
<r, then L will coincide with I, 

Conversely^ every real line L in space is represented by a line I of a, viz. 
the intersection of a with the plane containing I and L. 

The line I is uniquely determined save when L coincides with the funda- 
mental line Zo9 ^^^ ^en the plane of 1 and L becomes indeterminate and I is 
any line in <r tJirough p^. 

We have therefore established in this way a (1, 1) correspondence be- 
tween all the lines of a and the real lines of space, the uniqueness failing only 
for the lines of the fundamental pencil in a*, and for the fundamental line in 
space. 

It should be noted that I and L intersect in the real point on I, 

Consider now in cr the locus of the first class, a point j^. The oo* lines of 
<r through p are represented by the real lines of oo* planes passing through 
the line Ip. Each of these oo* real lines, however, intersects not only Ip but 
also its conjugate line Jp, where J and p are the conjugate points of / and }> 
respectively. Hence : 
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Any point p in a is represented by a real linear line congruence whose di- 
rectrices are the conjugate lines Ip and Jp. 

The line of the congruence lying in cr is the real line through jj. It should 
be remarked also that in general Ip and Jp are imaginary lines of the second 
kind. 

The congruence becomes special, i, e, the directrices intersect, when and 
only when the real line through p belongs to the fundamental pencil. For, since 
p also lies on this line, Ip and Jp are now coplanar and accordingly inter- 
sect in a real point P. The congruence then consists of all lines through P 
and all lines in the plane of Ip and e/j>, i. e. the plane containing P and the 
fundamental line Zq. Therefore : 

A point in cr whose real line belongs to the fundamental pencil is repre- 
sented by a special congruence consisting of all lines parsing through a real 
point and all lines in the plane determined by that point and the fundamental 
line, 

Ifp is real, then P coincides with it. 

This association at the qo* points of cr, whose real lines belong to the fun- 
damental pencil, and the «' real points of space is very striking and of great 
importance in the sequel. The point j?o in a is represented by all lines inter- 
secting the fundamental line Zq, i. e. by a special linear line complex whose 
axis is the fundamental line. This complex may be called the fundamental 
complex. The fundamental line io belongs to every congruence representing 
a point J? of <r, for it corresponds to the line^po* 

Consider, now, a pencil of oo^ lines in a through a pointy, determined, 
for example, by a real parameter. Then we have the following : 

Theorem I. The oo^ lines of a pencil in a whose centre is p are repre- 
sented in space by the generators of one system of a i*uled quadric passing 
through I and J. 

Proof The real line in space which represents a line of the given pen- 
cil in a is the intersection of conjugate planes passing respectively through Ip 
and the conjugate line Jp. 

Since the first plane intersects c in a line of the given pencil, the oo^ 
given lines in a evidently give rise to two projective pencils of planes through 
Ip and Jp^ respectively, and, by a well known theorem, the line of intersec- 
tion of corresponding planes of two j>rojectivo pencils generates a ruled quad- 
ric. Finally, Ip and Jp evidently belong to the generators of the other sys- 
tem, and therefore the (juadric passes through /and J. 
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The quadric degenerates into two flat pencils when the real line through 
p belongs to the fundamental pencil and to the pencil considered. For, as ex- 
plained above, in this case the congruence representing j:> becomes special. 

Consider, next, a curve in a of the second class, a conic C3. This gives 
rise in space to a line congruence* of the second order ; for through any point 
P in space will pass two lines of the congruence representing the tangents in 
<r to Ca drawn through the foot of IP. 

The cone with vertex / passing through C^ is one of the focal surfaces of 
this congruence ; for if consecutive lines of the latter intersect, then the cor- 
responding consecutive tangents to C9 do likewise, and this intersection is a 
point J? on G^; therefore the two lines of the congruence belong to a linear 
congruence and can intersect only on Ip, The entire focal surface consists of 
the above cone and the corresponding conjugate cone with vertex at J. The 
line congruence is then of the second order and fourth class. The real inter- 
section of the focal surfaces, in general a skew curve of order four, corresponds 
to the points common to G^ and the fundamental pencil. The tangents of this 
curve belong to the congruence. 

If the conic Cg passes through the foot^o of the fundamental line, then 
the real intersection of the focal surfaces degenerates into Zq and a skew curve 
of the third order passing through /and J. Finally, if the tangents to C^ 
through Pq are real, then it is readily seen that the above cones have double 
contact on the line which represents the chord of contact of these tangents, 
and therefore their intersection consists of two conies. 

Without prolonging the discussion let it suffice to state that a curve of 
class n in <r becomes in space a line congruence of order n whose focal surfaces 
are conjugate cones with vertices / and J, The tangents of the real intersec- 
tion of these cones belong to the congruence. 

2. Lie's Analytical Definition as a Metrical Special Case. 

Taking XZ as fundamental plane c, and one of the circular points in the XY 
plane as /we obtain (using rectangular coordinates) Lie's definition. In fact, if 

ex = bz -\- a (c real) 

is any line I in XZ, then the plane through / and I is 

c (a -I- iy) = bz + Uy 
and if 

b — m -\- 171, a =:p -\- iq^ 

* In this conaectloQ the reader is referred to Picard, TraiU d'analysej vol. 1, p. 801. 
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IhBr real line Z^ of this plane is 

ex = mz -^ py cy = nz -{- q. 

OonverBely, given the equations of any real line L of space in this form, we 
obtain the equation of the corresponding line I'm XZ by multiplying, the sec- 
ond of these equations by t\ adding, and then placing ^ = 0. The plane 

c(a5 -f iy) =zbz -{• a 

is real when and only when c =: o and b/d is real. Thus we see that the fun- 
diEunental pencil consists of all real lines in XZ parallel to XX. The line 
at infinity in ^T^is, of course, the fundiamental line, as is evidenced by tiie 
obvious fact that far c = o the equations of L reduce to those of the line in 
question, while I becomes z = any constant. e7*is the otiier circular point in 
XTy andjt)o the point at infinity on XX, 

Any line in cr passing through a given pointy (a, /9) is given by 

c(a5-a) = 6(«-/8), 

where c and b are arbitrary constants, c being taken real. The plane oontain- 
ing'this line and /is then : 

(1) c(x + iy-«) =b{z-^/3). 

This equation defines oo^ planes (b complex) through the line Ip 

(2) X -h ly = «, z :=! /3. 

Let « = oi 4- t«29 /8 = /8i -f i/3^. Now if /Sj = 0, i. e. if the real line 
through^ belongs to the fundamental pencil, then the line (2) contains the 
real point P(«i9 %, A) ^^^ ^ &Q imaginary line of the first kind. The real 
lines of the planes (1), if c ^ 0, pass through P; but for c = the plane (1) 
becomes, real, and we get all lines of the real horizontal plane through P, 

If however /3| ?e 0, (2) is always an imaginary line of the second kind, 
and the real lines of the oo^ planes (1) intersect (2) and also the conjugate 
line 

(3) a — ty = oi — to,, a; = /Sj — t/S,. 

The lines (2) and (3) are accordingly the directrices of the linear con- 
gruence formed by all real lines in the planes (1). The shortest distance be- 
tween them is 2i/92, and the middle point of this line is («i, a^, /8i), so that 
we have, adopting the nomenclature of Pliicker, 
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Theorem 2. In lAe^s analytic repre9erdation^ the imaginary jpond 
(oi + e«2, 01 + i/S^) goes over into the oo* lines of a linear line congruence 
whose centre is (a^, a^j fii) and constant ifi^. 

The first method given by Lie in the paper referred to represents the im- 
aginaiy point (oi -f V«2» A -f i/S^) by the real point of space (c«i, a,, ^), to 
which is assigned a weight /82- ^^ very soon points out (page 20) that /3^ 
measures the constant of a line congruence, but adheres by preference to this 
repTOsentation throughout the pap^. The qo^ points of the fundamental plane 
for which /S^ = 0, i. e. the points whose real lines constitute the fundamental 
pencil, he calls null points^ which name I shall adopt. The important point 
is this, that each null point is represented by a special congruence whose cen- 
tre is a real point P and whose plane is the plane PL^. We may say, indeed, 
that the image of the null point is P itself, and conTersely the special congru- 
ence constructed as aforesaid with P leads back to the original null point. 
Ambiguity enters only for the point ^o which gives any point in the fundamen- 
tal line. 

Theorem 3. Lie^s representation establishes a (1, 1) involutory corre- 
spondenoe between the lines of the plane and the real lines of space in which the 
fundamental configurations are^ in the plane a pencil of real lines j and in space a 
line tf trough the vertex of this pencil. By this is also set wp a (1, 1) involutory 
correspondence of the co^ points on the lines of this pencil (the null points of the 
plane), and the real points of space, and the uniqueness fails only for the vertex 
of the pencil. 

In this theorem are set forth the peculiar merits of Lie's method to which 
I have already referred. 

It is to be observed that the combination of null point p and line con- 
taining p is represented by a real point P and a real line through P. Also 
the range of null points on any line I is projective with the real range on the 
corresponding line in space. 

8. Correlation in the Plane and the Corresponding Point- 
Line Transformation of Spaoe. On page 35 of Lie's paper is introduced 
the question of what arises in space when the representation is carried out on 
a correlation in the plane. The answer is immediate, for since the oo' nul- 
points of a go over into oo' lines, then we obviously have a transformation 7 
of the 00* points of space into an assemblage of oo* lines, t. e. a line complex 



♦ Lie, I, c. p. 88. 
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r. The general features of Twe may deduce by considering a polar recipro- 
cation in a with respect to a conic Cj (Lie, §27) . Since if ^ in <r reciprocates 
into Z, then any null point of I corresponds to a line through 2> 9 we may state 
one fundamental property of T thus : 

Theorem 4. J^ a point P in space describes a line L of the complex F, 
the corresponding line will turn around the point corresponding to X, i. e. will 
generate a cone whose vertex is that point. 

We next determine the degree of this cone (which we shall call a complex 
cone)y which will give us the order of the line complex. If P describes an 
arbitrary line L the corresponding 00^ lines of F will represent the oo^ lines of 
a pencil in <r, i. e, by Theorem 1, will be generatoi*s of one system of a ruled 
quadric through /and J. Hence 

Theorem 5. Tfie complex cones of F are quadric cones through I and J, 
and therefore F is a line complex of order 2. 

Consideration of the relation of C^ to the fundamental pencil in o* will 
lead to the singular properties of F. In the general case, Pq reciprocates into 
a line /© which corresponds to a line Lq of F. Then, as P describes Zq, the 
corresponding complex cone must degenerate into two planes ; for the vertex 
must correspond to the base point ^o» *• ^^ is any point of IJ. We assume 
this plane-pair real^* say Hi and ^„ intersecting a in /j and l^. Now the oo* 
lines of F are grouped in qo^ linear congruences representing the range on /© 
into which the lines of the fundamental pencil reciprocate. Two points of 
this range are null points, viz. the intersections of /© with li and l^ ; hence 
two special congruences belong to F ; their centres are the intersections of 
Lq with El and U^y and their planes are Ui and U^. If Ai^ A^ are the points 
of intersection of Lq with E^^ E<i^ then A^ transforms into any line in E^ 
while any point in E^ gives a line through A^, And since an arbitrary line L 
in space intersects E^ and E^^ as P describes L the ruled quadric generated 
by the corresponding complex line passes through A^ and A^. The complex 
cones then also contain these points. We then easily obtain the following 
definition of F : 

Oiven the tetrahedron A^A^IJ and a complex line 2/, then F consists of the 
generators of the oo* ruled quadrics circumscribed to the tetrahedron and contain- 
ing Ly which belong to the same system as L, 

For if ^ is the pole of /, and /' any line through jj, then the oo^ null points 

* This assumption is made in order to use our representation. 
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on V give the generators of such a quadric ; and all lines of V are deter- 
mined by taking for V any line through/). Since the definition is symmetri- 
cal with respect to the vertices of the tetrahedron, we see that every line 
through each vertex and in each face of the tetrahedron belongs to F. The 
complex r is then known to be a tetrahedral comj)lex* The complex lines 
intersect the faces of the tetrahedron AiA^IJ '\n a constant cross ratio. 

Theorem 6. The general polar reciprocation in the fundamental plane 
yields^ imder Lie's representation ^ a tratisformation of the zo^ points of space 
into the lines of a tetrahedral complex, the points I and J being vertices of the 
fundamental tetrahedron.^ 

The complex V will degenerate and the transformation take on special 
properties if we assume a special relation of C<i and the fundamental pencil. 
For example, let the point pQ be on C^. Then it is readily seen that the 
complex has two singular points /, J and two singular planes intersecting in 
IJ. These planes intersect a in the tangent to G^ at^o and in the conjugate 
line. Without discussing the corresponding transformation, consider next 
what arises if p^ reciprocates into a line Iq belonging to the fundamental pen- 
cil. Then V degenerates into two special linear complexes, whose axes are the 
line IJ and a line in the plane IJl^^, The corresponding transformation of space 
becomes very simple. This case, however, as well as others of particular in- 
terest, appear if we do not limit ourselves to a reciprocation. t 

Consider then a correlation in a such that p^ transforms into a line Iq of 
the fundamental pencil. Then a second line Vq (in general imaginary) through 
p^ will transform back into p^. In the tirst instance the fundamental pencil 
correlates into a range on Iq not including ^o, and the corresponding complex 
in space consists of oo^ special linear congruences whose centres lie upon a 
non-degenerate conic through / and e/in the plane of IJ and Iq. That is, 
the complex T is now a special quadratic complex consisting of all secants of a 
conic through I and J. On the contrary the range determined on Vq dual with 
the fundamental pencil contains one null point p>Qt and accordingly the com- 
plex arisinf^ in space degenerates into two linear complexes one of which is 

* The reader is referred to Lie-Scheffers, I. c. p. 311, for an excellent discussion of this 
complex. 

t This transformation was first remarked by Reye in 1868. Cf. Oeometrie der Lage, zweite 
Abteilnng, p. 125. 

X Lie discusses only the case of a reciprocation, and thus the line-sphere transformation 
did not appear until later, as already remarked. 
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the special complex whose axis is /e/, i. e. the fundamental complex. Am- 
biguity in space is best avoided by regarding the transformation as a duality 
between two spaces r and i2, such that the points of each correspond to the 
lines of a line complex in the other, tliese complexes being in li all secants of 
a fixed conic, and in r a general linear complex and the fundamental complex. 
We note here the essential characteristics of the line-sphere transformation ; 
for the range on an arbitrary line in r must give rise to a ruled quadric con- 
taining the fixed conic, and if the latter is the imaginary circle at infinity, the 
quadric becomes a sphere.* 

If we require that Iq also shall belong to the fundamental pencil, then the 
range on /q ^oea contain j>0' ^^^ ^^ readily see that the complex in either JR 
or r degenerates into two special complexes, one of which is the fundamental 
complex. 

The consideration of other special cases would not be without interest. 
Those enumerated may suffice in this place, however, and are moreover par- 
ticularly signalled by Lie in all references to this subject, f 

4. Duality of Space Defined by Two Bilinear Equations. 

Writing the equation of a correlation in XZ in the form 

(4) (Ax -^ Bz+ C)X+ {A'x + B'z + C')Z + A''x + B"z + C" = 0, 
or also 

(5) (AX -f A'Z + A*')x + {BX -f B'Z + B")z + GX^ C'Z + C" = 0, 

and confining ourselves to null points^ i. e. to real values of z and Z, then 
writing x -f iy and X-f xYior x and X respectively, and separating (4) into 
real and imaginary parts, we obtain 

(6) (a + iV) (X+ lY) + (c + tV) Z + 6 -f iV = 0, or 

ra.Y-a'F+cZ + 6 =0 
^^ |a'X4-aF4-CZ4-6' = 0, 

that is since a, a', 6, b\ c, d are linear in ac, y, z^ two bilinear equations. De- 
noting space by r or i? according as we represent a point by as, y, «, or Xj 
y, Z, we may state 

* Any point of B not on the fixed conic corresponds in r to a line of the general linear 
complex. Bat a point on that conic gives all lines in a plane through the axis of the funda- 
mental complex. This representation of the general linear complex upon point space was first 
noticed by Noether, GoUinger NaehricfUen, 1869, p. 805. 

t Cf. e. g. Mathemati8che Annalen, vol. 5 (1872), p. 165; Leipziger Berichte^ 1897, p. 728. 
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Theorem 7. Lie's representation applied to a correlation in the plane 
leads to a duality in space defined by two bilinear equations, 

PlUcker discussed the duality in space defined by one aequatio directrix^ 
but it remained for Lie to extend this notion to two equations, and the dis- 
covery came about precisely in the manner outlined above.* 

The discussion of (7) is very simple, and the properties of the transfor- 
mation deduced above are very easily established. The line a = 0, a' = is 
Zq, and its points of intersection with the ruled quadric 

b_b^ 
c c' 

are Ai and A^^ and each of the points gives in i? a plane Z = const. Further- 
more, the point I in R corresponds to the plane a — ia' = 0, i. e. the plane 
^i^je/in r, etc. 

Turning now to special cases, suppose po in 7*, i. e. the point at infinity 
on XX\ gives a line through that point itself. For this it is necessary and 
sufficient that ^ = 0. The line a = 0, a' = 0, now becomes the line at in- 
finity in XY^ and the singular tetrahedron reduces to /e/and two planes par- 
allel to XY. 

Suppose, however, that j9o in r gives a real line Iq throilgh it; then from 
(5), A I A" must be real. And as we may take, without loss of generality, 
the line at infinity' in XZ for ?o» A^ becomes zero and (4), (5), and (7) re- 
duce to 

(8) {Bz + C) X + {B'z ^ C')Z ^ A'x + B'^z -\- C" = 

(U) A"x + (BX-\- B'Z + B'^)z + CX+ C'Z + C' = 0, 

(lOV ff«o^ + «i)A"- (al^z + a{)Y+ (cq^ + Ci)Z + 6 = 

1 (aiz 4- a(; X -h {a^z + a^) Y -\- (cl^z ^c[)Z -^-b' = 0, 

where b and b' are still linear in x, ?y, z. 

Taking now any line in r, x = 7nz + p^ y = nz -\- p^ substituting for x 
and y in (10), and eliminating z, we obtain a quadric whose trace upon the 
plane at infinity is readily found to be given by 

(«i«i) (A^* + y') + (cici) Z* + [(aoc,) + (aicj)] YZ + 

[(»ic,) + (aici)]'A'Z = 0, 



* Cf, Mathematische Annalen, vol. 6 (1872), p. 143-157. 
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in which the parentheses denote determinants. This conic obviously passes 
through the circular points / and J. 

The constants in (8) maybe specialized with no loss of generality so 
that 

^ = I, C = - 1, 5' = - t, C" = - 1, -^" = - 1, if" = (7" = 0. 

In fact, this amounts to choosing (0, 0, 0), (0, 0, 1), and (1, 0, 0) in 72 to 
represent in r the axis ZZ^ and the two minimum lines in xz passing through 
(— 1, 0, 0). We thus obtain from (10) the equations 

while the conic (11) becomes 

(13) X^+ F2- Z2 = 0. 

To obtain then from (12) the line-sphere transformation it suffices to 
replace Z by iZ, and these become 



(1^) . { 



X+ iZ -\-x + zY=0, 
z(X-\- iZ)-^y^ F=0. 



These equations' agree essentially with those adopted by Lie* by merely 
interchanging Z and Y, 

From the equations (9) we see that the point at infinity on XX' in R 
gives in r an imaginary line in XZ when B/C ia not real. The discussion of 
the previous section shows then that the line complex in r degenerates into a 
general linear complex and the special complex whose axis is IJ. We may 
readily verify this from the equations (12), for solving these for x and y, we 
have 



(15) 



|x = - Yz-(X+ Z), 
\7/=(X- Z)z- Y. 



Comparing these with the equations a; = ra + p, y = az + o- as written by 
PlUcker, we find 

r = -Y, /) = -(X+Z), s = X-Z, a = -Y, 

* A detailed study of the line-sphere transformation is given In Lie-Schefliers, BerUh- 
riinysCran/tfnrmntionen, chap. 10. p. 41 1 . 
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and for the remaining line-coordinate,* 

Then any point (X, Y^ Z) not at infinity on the cone X^ -f F* — Z^ = 
corresponds to a unique line of the general linear complex 

r — c = 0, 

but the points excluded lead to the special linear complex 

17 = 0. 

Finally, if the ratio BjC in (8) is real, a^aQ — a^al = 0, and the conic 
defined by (11) and the plane at infinity degenerates into two lines one of 
which lies in the plane XY\ L e, the line complex in either R or r consists 
of two special complexes one of which is the fundamental complex. As before, 
any point in R not on the degenerate conic at infinity corresponds to a line of 
the special complex in r whose axis is different from IJ. An example of this 
case is afforded by the polar reciprocation 

(16) zZ + X+ x = Oy 

which corresponds to the transformation of space 



(17) { 



X+ x + zZ = 0, 



Any point not at infinity in XY or XZ corresponds to a line parallel to 
the plane XZ, 

Lie remarks that the transformation (17) is identical with that made use 

of by Euler and Ampere in the theory of partial differential equations of the 

first order, viz. 

dz 
X = p, Y+y = 0, Z + z-^i)x = 0, i>=g^, 

and in fact (17) come from these by elimination of p. 

Summing up, then, we may state 

Theorem 8. The transformation of space established by two bilinear 
equations in the variables (ic, y, z) and {Xy F, Z) leads to a duality of the 
spaces r and R in which the points of either correspond to the lines of a line 
complex in the other. In the general case, these complexes are general tetra- 



* Cf. Clebscli-Lindemann, I. c. p 44 
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hedral complexes. The special cases (1) when the complex in r degenei^ates 
into a general and a special linear complex and that in R into all secants of a 
conic y and (2) when the complexes in both spaces degenerate into linear com" 
plexeSj present themselves naturally and are among the most important of the 
special cases. 

Of course, by a projective transformation in either r or /2, or in both, 
the equations (7) assume the general bilinear form. A discussion of all 
special cases would seem to be not without interest. 

5. Point-Iiine Transformation in Oeneral. In 1871 Lie at^ 

tacked the problem of the determination of all algebraic transformations of 
space such that all points go over into the lines of a line complex, and the 
lines of a line complex into the points of space. He was unable, at that time, 
to solve the problem completely, and contented himself with the remark that 
all* (1, 1) transformations are given by bilinear equations. The solution was 
finally given in his paper Liniengeometrie und Berilhrungstransformationen, 
Leipziger Berichte^ 1897, p. 687, and the results are recapitulated on page 
740. It turns out that the only cases in addition to those defined as above 
are : 

(1) The complex in r is a general linear, and in i2 a special quadratic 
complex consisting of all the tangents of a general quadric. 

(2) Both complexes are special and consist of the tangents of develop- 
able surfaces, and one of these (or both as above) may become a special linear 
complex. 

The first case arises in the simplest possible manner by using a point 
transformation given by Darbouxf by which the secants of a conic become the 
tangents of a general quadric. This is done by. taking the case discussed 
above of a general linear complex in rt and the special complex in R of all 
secants of a conic, and transforming R by Darboux's point transformation. 

Examples of the second type are derived by setting up a (1, 1) corre- 
spondence between the generating planes of two developables, and then as- 
suming a duality such that a line in one plane shall correspond to a point in 
the other. The duality may be established, for example, by taking the con- 

* With this exception, that the general case when both complexes are linear and special 
is not completely represented. Cf. Lie, Mathematische Annalerit vol. 6 (1872), p. 167, footnote. 

t Darbonx, LeQons sur la thSorie generate des surfaces, vol. 8, p. 493. 

t The fundamental complex may be omitted in the statement for it arises from the ao ' 
points of the fundamental conic in R. 
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* jugate of the given line with respect to a quadric, and the point of intersection 
of this conjugate with the corresponding plane of the other developable. In 
this way is obviously established a correspondence of the points of space and 
the tangents to a developable such that point and tangent through it go over 
into a like combination. 

It is to be remarked that both complexes are general in one case only, viz. 
when both are tetrahedi'al complexes. 

Sheffield Scientific School, 

New Haven, Connecticut, 
Mabch, 1902. 



NOTE ON THE GROUP OF ISOMORPHISMS OF 

A GROUP OF ORDER p"^. 

By G. a. Miller. 

• 

The first part of the following note is devoted, to a study of some of 
the properties of the holomorphisms of a group of order p^^ p being any 
prime, which correspond to operators whose order is a power of p in the 
group of isomorphisms. In the second part an abelian subgroup of the group 
of isomorphisms of any abelian group of order ji^*^ is determined. It is proved 
that this abelian subgi'oup is one of a series of conjugate subgroups which 
have in common the invariant operators of the group of isomorphisms. 

1. Let P represent any group of order j?"*, p being any prime, and let 
P\^ P<ii .... Pm represent any series of subgroups of orders ^,^*, . . , , p^ 
respectively such that P.-i is contained in P^, a = 2, 3 .... m. The 
main object of this note is to consider all the holomorphisms of P which can 
be obtained on condition that every operator of P. which is not in Pa_i cor- 
responds to itself multiplied on the left by some operator of P._i.* It will 
first be proved that all such holomorphisms of P correspond to operators of 
order />^ in the group of isomorphisms (7) of P; and, conversely, that each of 
the holomorphisms of P which corresponds to an operator of order p*" in / is 
of this form. 

If /i, t^ are any two operators of / which correspond to two such holomor- 
phisms, then must tit^ have the same property. That is, to the totality of the 
possible holomorphisms for any series of subgroups such as Pp Pj, .... P^ 
there corresponds a subgroup (/i) of /. Let ^3 be any operator of /p In the 
holomorphism which corresponds to t^ some operator {s) of P corresponds to 
5,5, where s^ is commutative t with t^. From this it follows that t^^'stl = csj.<j, 
and hence the order of ^3 must be a power of p. Since ^3 is any operator of 
/i it follows that the order of 7| is a power of p. When P is abelian this re- 
sult may also be obtained by means of the known formula! 

w(n — 1) . . . (n — r-i- 1) 

* Of. Burnslde, Theory of Groups of Finite Order, 1897, p. 249. 

t In the substitution group of degree p"*, determined by the two groups P and /. Of 
Burnside, {. c.,p. 227. 

X Bulletin of the American Mathematical Society, vol. 7 (1901), p. 851. 
(180) 
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whenever 



t \H^t = «^_^.i«^, /8 = a, a+l, a_|_n— 1; 

for s^^n is the identity if n > ?/i — 1, and n may be so chosen that each of the 

exponents 

n(n — I) • . •.•(/*—/•+ 1 

ih r-^ , n 

r ! 

is divisible by any power of p, 

Frobenius has proved that in a group {P') of order ^"*' the total number 
of subgroups P" of order p^" (m" < m') is = 1 mod p. If P' is an invari- 
ant subgroup of our main gi-oup P of order ^"*, a group P" is invariant either 
under P or under one of a set of subgroups P" conjugate under P, As the 
total number of these conjugates must be a multiple of ^, it follows that the 
number of subgroups of order ^'"" which are contained in P' and invariant 
under P is = 1 mod^. 

We consider now any subgroup / of /, the order of / being ^", and 
prove that it is a subgroup /i related in the way explained in the first para- 
graph to at least one series of subgroups Pi, Pj, • • • P„^ = P of P, in which, 
furthermore, every subgi'oup P^ is invariant under P. The group /j con- 
nected with an arbitrary series of subgroups is such a group /, and it is con- 
nected also with a series of subgroups of the particular character just specified. 

The subgroup /of /leaves invariant P = P^y and at least one of its in- 
variant subgroups (Pro-i) of order ^>"*~^ since its order is a power of ^ and 
the number of such subgi*oups is = 1 mod^. Similarly it leaves invariant at 
least one {Pm-^) of the subgroups of Pm-\ which are of order p"*"* and in- 
variant under P,„. And so on. Thus the group / does leave invariant each 
one of a series of subgrgups Pi, . . . P^ of the kind specified. But fiirther 
it leaves it invariant in the way specified in the first ^paragraph, as one readily 
proves ; for the quotient group P^^i/P^ is of order ^ and its group of isomor- 
phisms is of order ^ — 1, which is prime to the order of /. Such subgroups 
as /i depend, in geneml, upon Pi and also upon the manner of selecting Pj, 
P3, . . . ., P,„_i after Pi has been chosen. In particular, when P is cyclic, 
these subgroups can be chosen in only one way, while they can be chosen in a 
number of ways depending upon m when Pis abelian and of type (1,1,1,. ..). 
In the latter ease the totality of the holomori)hisms for one series of subgroups 
such as /;|, p^, Pm ^^ evidently ^he same as that for any other series, so 

m(m — 1) 

that /i, which is of order y> ^ , 1ms just as many conjugations under / as 
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there are different ways of selecting such a series ; viz. (p"* — 1)(^"'"-^ — 1) 
(p — ^) -^ (p — ^)^- Kach of these conjugates is therefore invariant 

m(m — 1) 

in a subgrouj) (I^) of /, whose order is pi (P — U"*- Moreover, the 
quotient group T^/Ti is the direct product of m cyclic groups. 

In the last example it was observed that, if any of the subgroups Pi, P^, 
.... P„»__i is replaced by a different one, the corresponding subgroups of 1 
will be conjugate, but not identical with /j. This is dearly always the case 
when a holomorphism of P may be obtained by multiplying an operator of P^ 
by an arbitrary operator of P.-i^ « = 2, 3, m. When the last condi- 
tion is satisfied, let /j represent the largest subgroup of /in which /i is in- 
variant. We proceed to prove that I^/li is always a subgroup of the direct 
product of cyclic groups of order p — I. 

In all the holomorphisms which correspond to /j, each of the subgroups 
Ply Pjj, , P^ corresponds to itself, and conversely, if each of these sub- 
groups corresponds to itself in any holomorphism of P, this holomorphism must 
cori'espond to some operator of I^, In all these holomorphisms the operatoi^s 
of P„/Pa_i (a = 2, 3, . . . m) correspond to some power of themselves. Let 
^4, ^5 be any two operators of I2 and consider the holomorphism which corre- 
sponds to the commutator of /7* ^5 * ^4 1^. Since all the operators of PJP^^i 
must correspond to themselves in this holomorphism, it follows from the pre- 
ceding paragraph that the order of ^4*^6* t^ t^ is a power of ^. Hence /i, which 
is composed of all the operators of / whose orders are powers of p^ must 
include all the commutators of 7. ' As the quotient gi'oup with respect to 
any invariant subgroup which includes the coumiutator subgroup is abelian,* 
I^Ii must be abelian. f Furthermore, since the gi'oups Pa/P«-i are of order 
p and correspond to themselves in all these holomorphisms, IJIi, must be in- 
cluded in the direct product of cyclic groups of order p — 1. 

It may be of interest to observe that a change in the series of subgroups 

Pi, P2, Pm-i does not necessarily affect /j. For instance, when P 

is the direct product of two cyclic groups ((7i, G^) of orders ^*"~S^ respect- 
ively (m > 2), its group of isomorphisms (/) is of order^*" {p — 1)^4 In this 
case, let Ci equal P^-i- This determines the series P,, P2, . . . Pm-i and 
the corresponding /i is clearly of order ^'"" ^ The subgroup /i includes all 

* Quarterly Journal of Mathematics ^ vol 28, 1896, p. 267. 

t Wendt, Mathematische Annaleut vol. 65, 1901 , p. 480. 

I Cf. Transactions of the American Mathematical Society, vol. 2, 1901, p. 260. 
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the opemtoi*8 of / which satisfy the following conditions : the orders are 
powers of J9, and they transfonn each of the cyclic subgroups of order /^"~* 
in P into itself. When P,„_i is replaced by any other cyclic subgroup of 
the same order, the i-emaining subgroups of the series Pj, P^^ .... P»,— i ^^H 
not be changed, and tlie corresponding subgroup of /clearly satisfies the same 
condition as before, and hence it is identical with /j. 

2. In what follows it will be assumed that P is abeiian. If ^;"« is the 
highest order of an operator in P, then it is possible to obtain ^">~^ (j? — 1) 
distinct holomorphisms of P by raising each one of its operators to the same 
power. It is known that these holomoii)hisms correspond to the p^^"^ (i> — • ^ ) 
invariant operators of /.* We proceed to consider an impoilant abeiian sub- 
group of / which includes the characteristic subgroup composed of these in- 
variant oi>erators. 

Let /Ti, H^^ //„ be any set of independent generating cyclic sub- 
groups of P whose orders are jt;*', ^*«, .... ^*« respectively ; and consider 
any holomorphism of P in which each of these subgroups corresponds to itself. 
It is clearly possible to establish an arbitrary holomorphism of one of these 
subgroups with itself without aflFecting the holomorphism of any one of the 
other subgroups. Hence it follows that the totality of the holomorphisms of 
P in which each of these subgroups corresponds to itself must correspond in f 
to the direct product (-4) of n cyclic groups of orders 

y'l-i (p « 1), y^-i (i) - 1), ^*— 1 {p - 1) 

respectively, whenever^ > 2. Whenj? = 2, the subgroup ^ is the direct prod- 
uct of a group of order 2" and of type (1,1,1) and n cyclic groups 

of orders 2*»~*^, 2*«~*, 2*"*"^ respectively. The only case in which A 

reduces to the identity is when P is of type (1,1,1.....) and j? = 2. 

Let /Si, S.i^ 8^ represent a set of generators of the cyclic sub- 
groups //i, fl^, //,! respectively, and let H\^ II\^ .... i/'„ represent 

a second set of independent generating cyclic subgroups of P. At least one 
of the latter subgroups (/?!) is not generated by a single one of the oper- 
ators of 8\y S2, Sn' A generator of HI is therefore of the fonn 

Sa' Sp^ , where at least two of the exponents «], /81, . . . . differ 

from zero. As the subgroup A{p> 2) includes some operators which trans- 
fonns //^ into itself, multiplied by some operator which is not found in H^, it 

♦ Cf. the last foot-note. 
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tbllow8 that A transforms into itself each member of otdy one of the posf<ible 
sets of independent generating cyclic subgroups of P^ whenever p > 2. 

From the preceding paragraph it follows that A has as many conjugates 
under / as there are different combinations of generating subgroups of P, 
whenever p is odd. In this case / contains no operators that transform A 
into itself besides those of A and those which transfomi the totality of the 
subgroups //j, /Tj, . , . . Hn into itself, but penimte some of them. The 
latter operators exist only when at least two of the independent generators of 
P arc of the same oixler. Moreover, P contains no operator besides the 
identity which is invariant under A. 

When p = '2y all the operators of order 2 in P ai'e invariant under A, and 
hence A i*educes to the identity when JPis of type (1,1, 1, . . .),as was ob- 
served above from anotlier point of view. Since all the operatoi*s of A do 
not transform into itself any operator of P whose order exceeds 2, they can- 
not transfomi each of the subgroups //l, //^i* • • • • ^n J^to itself unless 
the order of no more than one factor in the product 'Slibp^ .... exceeds 2 
for every H^^. This condition is clearly sufficient as well as necessary. 

All the conjugates of A have the ^*i""^ (P "^ ^) invariant operators of / 
in conmion for all values of p^ since each of these operators transforms every 
subgroup of P into itself. 

Moreover, it is easy to prove that every operator (^)which is found in all 
the conjugates of A is also included among these invariant operators of i. 
From the fact that the product SiS^ ...*§„ may be used as an indej^endent 
generator of P it follows that 

t-^SiSi . . . . 3j = (SiSi . . . S^)^ and t^^JSft = ^bf* /= 1, 2, . . ., n. 
Hence 

We may therefore set ySi = y8.2 = • • • = /3„ /3. Since / transfonns crwh gene- 
rator of P into its ySth power, it also transfonns each oi)erator of P into this 
power; that is, the p^i' * (J^ — • 1 ) invariant operators of I are the only ones 
v)hich are common to all the con j agates of A under /. 

Stanford Univkrsity, 
January, 1902. 



EVALUATION OF SLOWLY CONVERGENT SERIES.* 

Bv L. D. Ames. 

1. General Theory. Any convergent series 

S= iui 4- i^i 4- ?'8 4- • • • (1) 

can be written in the fonn : 

JS= iui 4- J [(Ml 4- iu) 4- (W24- Wj,) 4- • • •]• (^) 

Repeating tlie process on the series in brackets we have : 

S = iui 4- i(wi 4- W2) 4- i[(wi 4- 2m2 4- fh) 4- (^2 + 2^3 4- '^4) + • •]» C^) 
S = iwi 4- i(wi H- fh) 4- i(Wi -f 2w, 4- ih) 

+ i[('*i 4- '^ih 4- 3w,, 4- '/i) 4- Oh 4- 3m., 4- Hm^ -h /«5) 4- • •], (4) 
and in general : 



• • • 



4- 2l.["i 4- ( A- - 1) M, 4- ^^ Yh ^'3 + • • • 4- '/J 4- Iti, (5) 



where 

^k = 2*L(''i "^ ^'"- "^ 1:2 — "^ + • • • • 4- Wii + i) 

A(A: — 1) n 

4- (M.^ + A'M3 + ^ ^ ^^ M4 H- . . . 4- Wit + 2) H- • • • . («) 

It will be proved in §3 that 

lini Bf. = (). 

Assuming this for the present we see that (1) may be written in the fonn : 

'"^^ = 2^h 4- ^,('^1 4- fu) 4- 23 (w, 4- ^m^ 4- m^) 4- • • • • . (7) 



* Kcad before the American Mathematical Society at Us meeting, April 20, 1902. 
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It turns out, in a large variety of hIowIv convergent series in which the 
positive and negative temis are about evenly balanced in number and aggi'e- 
gate value throughout the series, that series (7) converges mpidly and the 
error made by stopping at any tenn is less than the last tenn added. In prac- 
tical computation this fact will often be sufficiently evident from a simple in- 
spection of the series. The question of finding an upper limit to the error will 
be considered later. See §5. 

2. Illustrative Examples. We will now illustrate the method de- 
scribed in the last section by applying it to some numerical examples, and in 
doing so we will indicate a number of slight modifications which are often ad- 
vantageous. 

r, » T «../ ^ • ^^^ 2a: sin 3x 
Example I. o{x) = sm x — — - — -\ — — . . . . 

To evaluate this series when x = 50° we may tabulate the work as follows : 



n 


'^n 


% + «n + l 










««» + ! 


1 


-I-.7660 


-1- .2736 


.0521 


— .1256 


.0493 


-^.0308 

* 


-f .0446 


2 


.4924 


— .3257 


— .0785 


-1- .0768 


-I-..0801 


+ .0188 




3 


+ .1667 


+ .2522 


-1- .1498 


+ .0038 


— .0663 






4 


+ .0855 


— .1024 


— .1460 


— .0701 








5 


— .1878 


.0436 


+ .0759 










6 


-1- .1448 


-1- .1195 












7 


— .0248 















The first terms of the successive columns corresiMHid to the terms of (7). 

S = iX .76«0 + ix .278(; - iX .0.')21 + • • •+ ^^X .044« + • • = .43«)4 +. 

X 

But ^{x) =-, therefore the correct result is .43633. For x = 10** the same 

it 

series gives a result correct to four places l)v the use of four terms. 



Example II. *S = 



1 1 



log2 log 3 log 4 



• • • 
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We compute the table as before : 



n 


«n 


«*n-|-^*n + l 










1 


1.4427 


.5325 


.3436 


.2547 


.2026 


.1683 


2 


— .9102 


— .1889 


—..0889 


— .0521 


— .0843 




3 


.7213 


.1000 


.0368 


.0178 






4 


— .6216 


.0632 


.0190 








6 


.6581 


.0442 










6 


— .5189 













A slight inspection shows that it is best to sum two terms separately, using 
the teniis in heavy type. The terms above those used need not have been 
computed . 

S= 1.4427 - .9102 4- |iX .7213 4- i X .1000+ • -j = .9239 4- . 

This result is coiTect to the third place of decimals, as can be proved by §5. 
Example III. The reader may compute 

for X equal to or near 1, and /i any desired value. {Cf. Byerly, Fourier' f< 
Series and Spherical Harmonics^ p. 152.) 



Example IV. 



TT • 1 1 1 

4=^-3^5-7-^ 



Since the more slowly the original series converges the more rapidly the re- 
sulting series converges, we sum ten teims separately and apply the transfor- 

mation (7) to the next eleven. We obtain -7 = .785398163, correct to nine 

4 

places (c/. §5). 



Example V. ^'=1--+--— + 



, p = 1.001. 



Sum four terms separately, and apply the transformation to the next seven. 

S = .693309 4-/2, R< .000003. (§5.) 
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Example VI. 'S'=l + 5^+r^ + ^+--, i>= 1.001. 



S 



" 2^0-^ + ^p )= 1000.663 + i?, (Ex.V.) 



R < .004. 
5. 7 5. 7. 9.11 



• • • 



< .006 



ExampleYll. ^=1 + 00+8.10.12.14 

by the use of four terms {tf. §5). 

I t7TTT o 1 1 1 1 1 1 1 1 
Example VIII. ^=^ + J~2'^5"^7"4"^9'^n' ' * ' ' 

Group the terms thus : 

Computing the table as in Ex. 1, the fl:fth column is seen to consist of 
positive terms. It will Hot be usefhl to obtain another colutnn. By (5) : 

/S = iX 1.333 4- iX .833 + iX.676 4- i^X .612 4- i^ [.593 + .013 + .030 

+ .003 4- • •] = 1.037 H- . 

Here the degree of accuracy is not evident. There is strong probability 
that the result is much closer to the true valtie than could haVe been reached 
by simply adding terms. This example illustrates the limitations of the 
method ; also how it will usuallv become evident if the method cannot be 
profitably employed in its entirety, and how it may still be more or less useful 
in a modified form. 

3. Proof of Convergence. We will now complete the i)roof of (7) 
by showing that the remainder lij^ of (6) approaches zero as k becomes infinite. 

lit = ^i + B'l + i?i". 
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where 

^1- = 2I [ "i + n + ^)"i + (1 + ^' + ^i~2^^ ) "»+••• 

/, , k(k-l) k(k-l) . . (k-r+2)\ "I 

+ {'+^- + -YTT^ + • • + 1.2... (r-l) ) "0 • 

R' ^\(\ I /,• i ^'<^'-0 I k{k-\)...{k-r+\) ^ 
'"*-2*Lv 1-2 +•••+ i.2...r ;"r+i+-- 

+ (^ + -^^ + 1:2 + • • • + 1T2 + *)"* J' 

Our theorem will be proved if we ean show that a positive e liaviiig been 
chosen at plt^asure, a positive m exists such that when k > m: 

l^n-l < ^» I^H < T^» 1^* I < 3 • 

Since'the i<-serics converges, ?/i'" can be cliosen so that \IVh\ < e/H when k > m'". 
Similarly choose m" so that when k > r > m" : 

ft 

|Wr+l + ''r + 2 + %.|< c/3. 

Ml- is of the form : 

where 

< 77^^i < ?;^^..2 < < i/fc < 1. 

Hence, by a well-known lennna of Abel's,* when k > r > />/", 

\Ji'i\<er^. 

Let J/ l)e a positive constant grcati^r than the absolute value of anj*^ tenn 
of the //-series. Then 

17/' ■< t!^Tl + A- + ^(^■-'^) . . k(k-l)-..(k-r+2) -i 

^ 2* L 1-2 (r-l) J' '* ^=^'''' 

Mr' 



< 



')>.■ 



k'--K 



* Cf. for Instance Tannery : Th^orie dea fonetions Sune variable, p. 96. 



IIM) 
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Put A- = rS tlien 



Mr^'' /r-\ 



But 



I- = X 2** 



.'r:(^0'=" 



lini 






Therefore m' can be chosen so that |7?i.| < €/3 when ^ > /v/. 

By taking ni greater than the largest of the three (juantities iii\ m", m!'\ 
the truth of the theorem follows at once. 

4. A Shorter Method of Computation. By subti-acting Hi., in 

the form given in §3, from S we obtain : 



S 



when* 



= ^[^i«i 



-f- K^yil^ -f" • • • Arji 



«i] + ih. 



\, _ 1 + A + -^.^- + • • • 1.2 . . .(A--r) ■ 



(><> 



(!•) 



The Vs are the same for all series and may be computed once for all. A few 
s(»ts are tabulated : 



k 


! X, 


\ 


\ 


\ 


\ 


\ 


X. 

1 


\ 


\ 


K 


\. 


4 


16 


11 


5 


1 












7 


■ 128 


120 


99 


64 


29 


8 


1 










11 


2047 


2036 


1981 


1816 


1486 


1024 


662 


232 


67 


12 


1 



By the use of this tuble Ex. II, §2 would be computed as follows : 

1 
2^ 



S= 1.4427 - .in02 + _(15X.7213-. llX.i)21<) + oX.ooSl -.r)l;^9)4- H 
= .1)237 + B. 



Unless we know from other considemtions (§.')) an upi)er limit to li the 
method used in §2 is usually more convenient, since in that method we cmn 



ol)serve the rate of convergence. 



5. Determination of an Upper Limit for the Error, r^et u 

confine ourselves henceforth to the ulternatinir series : 



s 
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^' = t^, - i;^ 4- «^3 - ^4 + • • •» ^n > ^- (10) 

Fonii the successive orders of diflFerences of the absolute value series Vj 4- v^ 
+ Vg 4- • • . If we denote the general tenn by A** i;„, the series (7) becomes : 



In some cases the differences can be computed in general terms. Thus 
let: 

a «(«+!) »(«+ l)(» + 'i) 
'^- ^ - 6 + /y(6 + 1) " 6(6 + 1)(6 + 2) + ' "<'''• ^^^> 

Computing the difterences and substituting in (11) : 

2 2* /> 2* 6(6 + 1) ^ ^ 



The ratio of any tenu to the preceding tenn is less than J. Hence the error 
made by stopping at any tenn is less than the last term added. The series in 
§2, Exs. IV and VII are of this form. 

Theorem. ^ there is a function f{x) which has continuous derivatives^ 
of the first A 4- 1 orders when x ^ 1 ; and if the derivatives of even order are 
positive^ those of odd order negative ; and f{n) = v^=z (— - l)»* + ^?/„ > ; then 

l^u-l <2x-r'^il- 

Proof Form the secjuence 

f(^o)y f{^(s + ^•<'')' /(^o 4- 2 Ait-), ... . 

It can be proved* that the rth difference quotient A^f(x)/Ax converges uni- 
formly to the value d^f(x)/d.x^tis Ax approaches zero. Hence a positive number 
8 may be chosen so that for all values of x ^ 1, when Aa; < S, A^f{x)/Ax^and 
d^f{x)/dx^ have the same sign. Now choose A a; < S so that Ax is an aliquot 
l)art of unity, i. e., mAx = 1. Then the v-series may be formed by taking 
ev(»ry tnth term of the above sequence, if Xq is properly chosen. It is easily 
shown that any difference of the y-series is the sum of positive multiples of dif- 

* Cf. for instance, Harnack, Die ElemetUe der Differential- nnd Integralrechnung, §83, 
where the proof can easily be made to meet the question as to the uniformity of the converg- 
ence. 



HI2 AMES. 

ferences of the same oixier of tliis series. Henee A^i\ is positive when r is 
even and negative when r is odd. It follows that 

|A*t'„| > |A**?;„^i|. But, from (6), 

Rt = ^ (A^t'i - A^v^ 4- A*V3 ....). 

Hence | i?^. | < ^ | A*' r, | < ^. | w, | . 

By the use of this theorem we ca-n i)i'ov(» that the results of Kxs. II, IV, 
V, VI are correct. 

6. Application to Divergent Series. If our method be applied 

to certain divergent series it renders them convergent. This fact becomes of 
peculiar int-erest when we apply the method to iK)wer serit»s, as we thus get an 
analytic continuation of the function originally represented. But similar re- 
sults mav be reached bv the method of conformal transformation.* 

As this treatment of this phase of the subject is simpler, we will not 
enter upon the discussion here. 

Harvakd University, 

Cambridge, Massachusetts, 
April, 1902. 

* Painlev^ has given a general statement of the method; Paris Thesis, 1887; Annates 
de la Faculte des Sciences de Toulouse, vol. 2 (1888), p. B.l. A number of special developments 
are worked out in detail by B. Lindelof, Acta societatis scientiarum Fennicae, vol. 24 (1898), 
No. 7. 
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